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Chapter 1

Introduction

The possibility of neutrino flavor oscillations, first suggested half a century
ago [1, 2, 3], is based on the fact that if neutrinos are massive, one would ex-
pect a leptonic mixing matrix analogous to the Cabibbo-Kobayashi-Maskawa
(CKM) matrix for the quark. Due to this flavor mixing, neutrinos produced
with one flavor could be detected in another flavor state, in analogy with
the well–known K0–K̄0 oscillation mechanism.1 Since the original proposal,
the search for neutrino flavor mixing has been pursued with increasing vigor.
A prime experimental motivation has been the long-standing “solar neutrino
problem”, namely, the deficit of the measured solar νe flux with respect to the
theoretical predictions [4, 5, 6]. Further experimental strategies for the detec-
tion of neutrino oscillations came from the “atmospheric neutrinos” produced
in Earth’s atmosphere from cosmic-ray interactions [7], or from man-made
sources such as reactors [8] and accelerators [9].

At present, neutrino oscillations have been firmly estabilished by increas-
ingly accurate measurements. The strong evidence for disappearance of at-
mospheric νµ in the Super-Kamiokande (SK) Cherenkov detector [10, 11, 12],
consistent with the µ spectrum anomaly in MACRO [13] and with Soudan-2
atmospheric (µ, e) data [14], is successfully explained by νµ → ντ oscilla-
tions. The data from the first long-baseline accelerator experiment KEK-
to-Kamioka (K2K) [15, 16] also support such an interpretation. The global
evidence for solar νe disappearence from radiochemical (Cl and Ga) [17, 18,
19, 20] and Cherenkov (Kamiokande [21], Super-Kamiokande [22, 23]) de-
tectors has been first corroborated by the comparison of the initial Subdury
Neutrino Observatory (SNO) data [24] with those collected in SK [22], and
then promoted to clear evidence for νe → νµ,τ transitions by further SNO data

1It is often difficult (or even impossible in principle) to observe the full oscillatory be-
haviour (“periodic”) pattern of neutrino flavor change. In such cases, it may be preferable
to use the more general terms “flavor transitions” or “flavor conversions”.
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[25, 26], crowning a four-decade study of solar νe [5, 6]. Finally, clear “ter-
restrial” evidence for the νe → νµ,τ solution to the solar neutrino deficit was
reported by the Kamioka Liquid scintillator AntiNeutrino Detector (Kam-
LAND), through the observation of long-baseline reactor νe disappearance
[27] along half oscillation length [28].

Except for the controversial result of the Liquid Scintillator Neutrino
Experiment (LSND) [29], which will be tested very soon by the running
MiniBooNE experiment [30], all the data from the above experiments are
consistent with the simplest extension of the standard electroweak model
needed to accommodate nonzero neutrino masses and mixings; namely, with
a scenario where the three known flavor eigenstates νe,µ,τ are mixed with
three mass eigenstates ν1,2,3, through a unitary matrix U ,





νe

νµ

ντ



 = U





ν1

ν2

ν3



 , (1.1)

where U transforms the weak-interaction (flavor) fields into the fields with
definite masses. For antineutrinos, there is an analogous equation with the
replacement ν → ν̄ and U → U ∗. A common parameterization [31] for the
matrix U is:

U = O23ΓδO13Γ
†
δO12 , (1.2)

where the Oij’s are real Euler rotations with angles θij ∈ [0, π/2] [32], while
Γδ embeds a CP-violating phase δ ∈ [0, 2π],

Γδ = diag(1, 1, e+iδ) . (1.3)

By considering ΓδO13Γ
†
δ as a single (complex) rotation, this parametriza-

tion coincides with the one recommended in the Review of Particle Properties
[33],

U =





1 0 0
0 c23 s23

0 −s23 c23









c13 0 s13e
−iδ

0 1 0
−s13e

iδ 0 c13









c12 s12 0
−s12 c12 0

0 0 1



 (1.4)

where cij = cos θij and sij = sin θij.
Moreover, since neutrinos have no charges, they can be their own an-

tiparticles (Majorana neutrinos). In this case, the mixing matrix U acquires
a (diagonal) extra factor containing additional Majorana phases, which, how-
ever, are irrelevant in oscillations but not in neutrinoless double beta decay
(0ν2β) [See [34] for a complete discussion of this topic].
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The current neutrino phenomenology implies that the three-neutrino mass
spectrum {mi}i=1,2,3 is formed by a “doublet” of relatively close states and by
a third “lone” neutrino state, which may be either heavier than the doublet
(“normal hierarchy,” NH) or lighter (“inverted hierarchy,” IH). In the most
frequently adopted labeling of such states, the lightest (heaviest) neutrino in
the doublet is called ν1 (ν2) and the corresponding squared mass difference
is defined as

δm2 = m2
2 −m2

1 > 0 (1.5)

by convention. The lone state is then labeled as ν3, and the physical sign
of m2

3 −m2
1,2 distinguishes NH from IH. Concerning the second independent

squared mass difference ∆m2, it is defined as

∆m2 =

∣

∣

∣

∣

m2
3 −

m2
1 +m2

2

2

∣

∣

∣

∣

, (1.6)

so that the two hierarchies (NH and IH) are simply related by the trans-
formation +∆m2 → −∆m2. Solar and reactor neutrino oscillation analyses
indicate the following ±2σ ranges (95% C.L.) [see,e.g., [35] for an updated
review with the current values of parameters of neutrino masses and mixings]

δm2 = 7.92 (1 ± 0.09) × 10−5 eV2 , (1.7)

while atmospheric neutrino analyses indicate

∆m2 = 2.4 (1+0.21
−0.26) × 10−3 eV2 , (1.8)

at 95% C.L., so that
δm2 � ∆m2 . (1.9)

Concerning the mixing angles, solar and reactor neutrinos data suggest

sin2 θ12 = 0.314 (1+0.18
−0.15) , (1.10)

and atmospheric neutrinos give

sin2 θ23 = 0.44 (1+0.41
−0.22) , (1.11)

at 95% C.L. A further phenomenological input comes from the combination
of reactor and atmospheric neutrino data, providing

sin2 θ13 = U2
e3 . few % . (1.12)

Within this three-neutrino scenario the most important unsolved prob-
lems require probing θ13, the CP–violating phase δ, the mass hierarchy, and
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the absolute neutrino masses. To solve these ambiguities, a series a new,
more sensitive experiments are planned for the next few years or even for the
next decades [36, 37].

In this context, a high–statistics detection of galactic Supernova (SN)
neutrinos2 could give a unique help to answer to some of these open questions,
representing for this reason one of the next frontiers of neutrino astrophysics.
The collapsed core of a SN is essentially a blackbody source which emits
∼ 1058 (anti)neutrinos of all the flavors with energy of O(10) MeV on a
timescale of ∼ 10 s. The (anti)neutrino fluxes arriving at Earth from a SN
are determined by the primary spectra at the source as well as by oscillation
effects during their path [38, 39, 40, 41, 42, 43, 44, 45, 46, 47, 48, 49, 50, 51, 52,
53]. It turns out that flavor transitions in SN envelope crucially depend on the
value of the mixing angle θ13 and on the hierarchy of mass splitting, so that
the detection of SN neutrino spectra at Earth can significatively contribute
to sharpen our understanding of these unknown neutrino parameters.

Moreover, matter effects on neutrino flavor conversion, first pointed out
by Wolfenstein and by Mikheyev and Smirnov [54], provide us with a unique
tool to study the SN density profile. In particular, time-dependent variations
of the matter density due to the shock-wave propagation during the SN
explosion can leave an interesting imprint on the energy and time structure
of (anti)neutrino signal at Earth, as first realized in [55]. Observation of such
possible effects, altough very challenging from an experimental point of view,
would allow to study some aspects ot the supernova shock dynamics in “real
time”.

The stellar collapse ν ′s has been observed for the first (and only) time in
1987. The neutrino detectors that were operational at that time measured
only about 20 events connected to SN 1987A in Large Magellanic Cloud [56,
57, 58]. This detection have long been taken as a confirmation of the salient
features of our physical understanding of the core-collapse SN phenomenon.
At the same time, with such low statistics, determining both SN and neutrino
parameters is impossible, although some hints could be obtained, e.g., the
signal of SN 1987A was analysed taking neutrino oscillations into account
in [43, 59, 60, 61, 62, 63, 64, 65]. However, current and planned neutrino
detectors will be able to record ∼ 104 − 105 events from a future galactic
SN and therefore can provide us valuable information on SN physics and on
neutrino properties.

Given the importance of supernova neutrino oscillations for both particle
physics and astrophysics, it is important to perform a detailed study of the
neutrino flavor transitions in core-collapse Supernovae, taking into account

2Hereafter, we always mean core-collapse supernovae, unless otherwise noted.
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the peculiar matter effects in the SN envelope and eventually in the Earth.
This thesis is devoted to such task. The structure of the thesis is as follows.

In Chapter 2 we describe the general picture of stellar collapse and Super-
nova explosion, with emphasis on the observable properties of the neutrino
burst from such an event.

In Chapter 3 we discuss our analytical approach to the calculation of the
electron (anti)neutrino survival probability, valid for oscillation parameter of
phenomenological interest [42]. In particular, we study the case of a static
SN matter density profile.

In Chapter 4 we investigate the effects of subleading nonstandard four-
fermion interactions on the neutrino flavor transitions in supernovae. We
find that the main effect of these new interactions on supernova neutrino
transitions is to induce a shift in the relevant mixing angles, as compared
to the standard case. From a phenomenological point of view, the most
relevant consequence is a possible unknown bias in the value of the mixing
angle θ13 inferred by inversion of supernova neutrino data. Such a drawback,
however, does not preclude the discrimination of the neutrino mass spectrum
hierarchy.

In Chapter 5 we generalize the analytical treatment of matter effects
described in Chapter 3 to a non-monotonic time-dependent matter poten-
tial induced by the shock-wave propagation. We show that time-dependent
variations of the neutrino potential in matter along the supernova shock pro-
file can leave peculiar signatures on the time and energy structure of the
(anti)neutrino signal at the Earth.

In Chapter 6 we discuss the detectability of (extra)galactic SN neutrinos
in current and planned detectors. In particular, we focus on the water-
Cherenkov devices which would detect the largest number of neutrinos from
a SN explosion, namely, Super-Kamiokande and next-generation Mton-class
experiments. We compute neutrino event rates in these detectors from inverse
beta decay (ν̄ep → e+n), elastic scattering on electrons, and scattering on
oxygen.

In Chapter 7 we investigate the physics potential of next-generation water-
Cherenkov detectors in probing SN shock waves and neutrino flavor transi-
tions with an unprecedented statistics. A particular emphasys is given on
the time spectra, which may encode combined information on neutrino os-
cillation parameters and on supernova shock waves. In particular, we show
that an appropriate ratio of low-to-high energy events can faithfully monitor
the time evolution of the neutrino crossing probability along the shock-wave
profile.

In Chapter 8 we focus on the diffuse neutrino background coming from
all the past core-collapse SN in the Universe, the so called Supernova Relic
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Neutrinos (SRN) flux. The physics of SRN covers a wide range, including
the cosmic star formation rate (SFR), supernova physics, and fundamental
neutrino properties. The stringent observational upper limit on the SRN flux,
obtained by the SK group [66], is only a factor of ∼ 3 larger than typical
theoretical predictions [67, 68, 69], and might be improved by a recently
proposed technique [70]. In this context, we characterize the expected SRN
signal in large water–Cherenkov detectors by taking into account the effects
of the flavor conversions, as well as delicate background issues.

In Chapter 9 we investigate the possibility to put a stringent constraint
on neutrino decay models from the SRN observation. Non-radiative neutrino
decay can be induced by the interaction between neutrinos and massless or
very light particles, such as a Majoron. The strongest lower limit to the neu-
trino lifetime-to-mass ratio is obtained from the solar neutrino observation
to be τ/m & 10−5 s/eV [71]. SRN observation, on the other hand, is sensi-
tive to τ/m ∼ 1011 s/eV, which is many orders of magnitude larger than the
current limit, thanks to the cosmological distance of SRN sources. We then
perform a detailed study of possible neutrino decay processes on cosmological
timescales and of their imprint on SRN signal.

Finally, in Chapter 10 we present a new analysis of the SN 1987A neu-
trino data. We analyze the neutrino events from the supernova (SN) 1987A
detected by the Kamiokande II (KII) [56] and Irvine-Michigan-Brookhaven
(IMB) [57] experiments, by relaxing several assumptions on the neutrino en-
ergy spectrum, that were repeatedly used in the literature. We find that this
additional freedom does not weaken the well–known tension between KII and
IMB data. This result suggests, once more, that the analysis of future su-
pernova data will be very useful to better understand the generation of SN
neutrino fluxes and, retrospectively, the SN 1987A signal.

In Chapter 11 we summarize our results and we draw the conclusions
of this work. Appendices A, B, C, D, E deal with some technical aspects
related, respectively, to:

A) Empirical parametrization for the shock-waves density profile;

B) Probability of level crossing;

C) Factorization of supernova neutrino dynamics;

D) Formulation of the decay kinetic equations for SRN;

E) Likelihood function for SN 1987A data analysis.



Chapter 2

Supernova models and

expected neutrino fluxes

In this Chapter we describe the general picture of stellar collapse and super-
nova explosion, with emphasis on the properties of the observable neutrino
burst. In Section 2.1 we introduce the supernova explosion mechanism. In
Section 2.2 we characterize the SN neutrino spectra in energy and time, as
emerging from a reference emission model. Finally, in Section 2.3 we char-
acterize the density profile of the SN envelope, which is needed to calculate
matter effects on SN neutrino flavor transitions.

2.1 Stellar collapse and Supernova explosion

A core-collapse supernova marks the evolutionary end of a massive star (M &

8M�) that has reached an “onion-like” structure made by several burning
shells and a degenerate iron core. The core mass grows by nuclear burning at
its edge, until it reaches the Chandrasekhar limit, when gravity wins over the
internal pressure and a collapse starts. Since iron is the most stable nucleus,
nuclear fusion is no longer ignited and the collapse continues, until the core
matter density reaches the nuclear density (ρ ∼ 3 × 1014 g/cm3) and the
infalling matter bounces back. A shock wave, moving outwards, expells then
the stellar mantle and its envelope.

The bounce-and-shock explosion mechanism [72, 73, 74, 75] is essentially
a complex hydrodynamical phenomenon, which must be described through
numerical simulations. Unfortunately, simulated explosions often tend to
“stall”. In fact the shock wave, formed in the iron core, can easily dissipate
all its energy through iron dissociation as it moves outwards, unless it is
“re-juvenated” by some energy deposition, able to build up enough pressure
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behind the shock to set it back into motion. A natural candidate is energy
absorption from neutrinos produced near the surface of the collapsing core.
Mass accretion and convection below the shock wave might also deposit en-
ergy and thus contribute to the shock revival, which tipically leaves behind
a neutron star (M 'M�, R ' 10 km).

This “delayed explosion” scenario was first proposed in the early 1980s by
Bethe and Wilson [76, 77] and further developed for almost two decades. Sur-
prisingly, the “robust” simulated explosions obtained in the first pioneering
works have not been supported by successive calculations, using more refined
input physics and computer resources. Among the recent simulations, only
those of the Lawrence Livermore (LL) group obtain robust explosions [78], al-
though with the help of a “neutron finger” convection mechanism [79] whose
occurrence is matter of debate [80].

Other refined SN simulations, like the ones performed by the Garching
group [81, 82], fail to provide an explosion [83, 84]. Quite naturally, the main
focus of model builders is to find the missing input physics in order to obtain
an explosion. Therefore, the energetics of a SN explosion is still unclear.

Despite these difficulties, there is some observational evidence in favor of
the delayed explosion mechanism. Neutrinos observed from SN 1987A [56,
57, 58] are a clear sign of core-collapse from a blue super-giant progenitor,
so that the notion of a SN as the final burning stage of a star seems to
be confirmed. Moreover, the detailed analysis of the SN 1987A neutrino
data performed by Loredo and Lamb [85] supports the delayed supernova
scenario over the prompt scenario. These indications give some confidence
that simulated SN neutrino emission fluxes are on the right track.

2.2 Supernova neutrino spectra in energy and

time

In this Section we characterize the main features of the SN neutrino signal.
In Sec. 2.2.1 we describe the spectra in energy and time of neutrinos emitted
after the core bounce of a collapsing Supernova, while in Sec. 2.2.2 we focus
on the neutrino signal during the latest phase of a pre–supernova star. In
Sec. 2.2.3 we present and motivate our default choices for neutrino spectra
which we will use in the following.

2.2.1 Core–collapse Supernova neutrinos

The collapse to a neutron star (M ' M�, R ' 10 km) liberates a gravita-
tional binding energy, which magnitude is easy to understand by using the
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Figure 2.1: Schematic neutrino “lightcurves” during the phase of: 1) core col-
lapse; 2) neutronization; 3) accretion; 4) cooling. [Figure taken from [87], Chapter
11].

simple estimate

EB ≈ 3

5

GNM
2

R
≈ 1.60 × 1053 erg . (2.1)

This energy is released at ∼ 99% into neutrinos, and at ∼1% into kinetic
energy of the explosion. Therefore, a core-collapse SN represents one of the
most powerful sources of neutrinos in the Universe.

Numerical simulations of supernova explosions provide the (unoscillated)
double differential neutrino distribution in energy and time,

F 0
ν =

d2Nν

dE dt
, (2.2)

where ν = νe, νe and νx in standard notation [41, 86] (x indicating any
non-electron flavor1). Such differential distribution can always be factorized
as:

F 0
ν =

dNν

dt
ϕ(Eν) , (2.3)

for any flavor (ν = νe, νe and νx), where dNν/dt represents the neutrino
emission rate (number of ν per unit time) and ϕ(E, t) is the normalized
energy spectrum (

∫

dE ϕ = 1).
The emission rate dNν/dt is given by

dNν

dt
=

Lν

〈E〉 , (2.4)

1We loosely indicate as νx either νµ,τ or ν̄µ,τ , which have only neutral current interac-
tions in both the SN and in the detector, and are thus indistinguishable.
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where Lν is the neutrino luminosity (ν energy emitted per unit time) and 〈E〉
is the average neutrino energy. The neutrino “lightcurves” Lν are schemat-
ically represented in Fig. 2.1 for the different flavors during the phases of
the neutrino signal, which can be understood as follows. At the onset of
the core–collapse, due to coherent scattering on heavy nuclei, neutrinos are
trapped into the iron core. They start to escape from such “neutrinosphere”

just after the core bounce, as the shock wave dissociates these heavy nuclei.
The protons liberated from iron dissociation allow a fast neutronization by
virtue of e− + p → n + νe, causing a short but intense νe burst [phase 1-2].
The total energy content of this burst is few ×1051 erg, much smaller than the
energy released in the subsequent emission phases. Most of the trapped neu-
trinos slowly escape by diffusion. The broad “shoulder” up to about 300 ms
represents the (accretion) phase during which the shock wave stalls while
the infalling matter powers the neutrino emission [phase 3]. After this phase
the “re-juvenated” shock wave restarts and expels the stellar mantle. The
subsequent long tail represents the neutron star cooling by neutrino emission
on a timescale of ∼ 10 s [phase 4].

A SN collapsing core is roughly a black-body source of thermal neutrinos.
Analytical parametrizations are typically cast in the form of quasi-thermal
distributions [81, 88]. In the following, we will refer to the recent “distorted”
Maxwell-Boltzmann distribution proposed in [81, 82],

ϕ(E) =
1

E0

(α+ 1)(α+1)

Γ(α + 1)

(

E

E0

)α

exp

[

−(α + 1)
E

E0

]

, (2.5)

where E0 = 〈E〉, while the parameter α controls the variance,

〈E2〉 − 〈E〉2
〈E〉2 =

1

1 + α
. (2.6)

The case α = 2 corresponds to a Maxwell-Boltzmann spectrum, α > 2 to a
“pinched” spectrum with suppressed high- and low-energy tails, and α < 2
to an “anti-pinched” spectrum. Simulations generally find pinched spectra,
with values of α typically in the range 2 to 5. Representative spectra are
reported in Fig. 2.2 for different values of α. The parameters of neutrino
spectra change with time during the neutrino burst: E0 = E0(t), α = α(t).
In particular, these parameter can be substantially different in the accretion
and cooling phase, whereas within each phase they change slowly [82].

Inside the star, neutrinos of all flavors have decreasing energies for in-
creasing radii. However, since the mean free paths of the different neutrino
flavors are different, their neutrinospheres, and thus their average energies,
will be different. The νx, which have only neutral current interactions, have
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Figure 2.2: Normalized ν energy spectra with 〈E〉 = 15 MeV. The case of α = 1
corresponds to an “anti-pinched” spectrum (dashed-dotted curve); α = 2 corresponds to
a Maxwell-Boltzmann spectrum (solid curve); α = 4 corresponds to a “pinched” spectrum
(dashed curve).

the longest mean free path and the highest average energies. Both νe and
ν̄e have, in addition, charged current interactions. Moreover, after the neu-
tronization, the νe mean free path will be further suppressed by interactions
with neutrons via νe + n→ p+ e−. Hence a hierarchy of average energies is
expected,

〈Eνe
〉 < 〈Eν̄e

〉 < 〈Eνx
〉 . (2.7)

The absolute values of the average neutrino energies, as well as the rela-
tive size of the luminosities during the different phases, are strongly model-
dependent. In the literature it is often assumed that, during the accre-
tion and cooling phases, the neutrino emission is characterized by an ap-
proximate equipartition of the flavor-dependent neutrino luminosities, Lνe

'
Lν̄e

' Lνx
' 5 × 1052 erg/s, and by a strong hierarchy of average energies:

〈Eνe
〉 ≈ 10−12 MeV, 〈Eν̄e

〉 ≈ 14−17 MeV and 〈Eνx
〉 ≈ 24−27 MeV. These

values are taken from the numerical simulations of the Livermore group [78].
However, the most recent Garching simulations [81, 82] suggest that the
equipartition of energy among the flavors may not be realized [e.g., having
Lνe

' Lν̄e
' 2Lνx

] and that the differences between 〈Eν̄e
〉 and 〈Eνx

〉 may be
. 20%. Therefore, it is a good idea not to rely too much on the details of
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any current simulation.

2.2.2 Neutrinos from a pre-supernova star

It has been recently emphasized by Odrzywolek, Misiaszek and Kutschera [89]
that a (potentially observable) neutrino flux can be generated in the latest
phases of a pre-supernova star, i.e., from carbon burning up to silicon burn-
ing. In these phases, neutrinos are mainly produced by pair annihilation,

e+ + e− −→ νx + ν̄x . (2.8)

In [89] the spectrum from this reaction has been calculated. Since the peak
of neutrino energy is low (∼ 2 MeV), their detection is difficult. However,
neutrinos from the silicon burning phase in near stars (d . 2 kpc) might be
seen in future Megaton Cherenkov detectors, as we will discuss in Chapter
6. Such detection, even if rare and very challenging, could provide a unique
alert, a few days before a SN explosion.

2.2.3 A reference emission model

In order to set a framework for our calculations, we choose and motivate a
reference emission model. Whenever possible, we will emphasize those results
which do not depend on the details of such model.

As discussed in Sec. 2.1, only the Lawrence Livermore (LL) group has
published in detail [78] a successful simulation of supernova explosion and
neutrino emission for a time interval long enough (∼ 14 s) to cover the
phenomenon of shock propagation. Since we are particularly interested in
shock-wave signatures on neutrino flavor transitions [55, 90, 91], we assume
the LL simulation (which refers to a supernova progenitor mass of ∼ 20 solar
masses) as our reference input for t > 0 (time after bounce).

For t < 0, in the absence of more detailed information, we assume a
uniform neutrino flux from silicon burning for two days before t = 0, with
emission parameters taken from [89], as discussed in Sec. 2.2.2.

In both cases (t > 0 and t < 0) we factorize the differential distribution in
energy and time as in Eq. (2.3). Regarding the normalized energy spectrum
ϕ(E) [Eq. (2.5)] both α and 〈E〉 can be function of time. For simplicity, we
have taken α = 3 for all flavors for t > 0 [92], and α ' 4.3 (from a fit to the
spectrum in [89]) for t < 0. For t > 0, the average energies for each flavor
are given as a function of time in the LL simulation [78], while for t < 0 they
are assumed nearly constant and equal to ∼ 1.8 MeV for all flavors as in the
OMK evaluation [89].
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Figure 2.3: Reference neutrino emission parameters as a function of time for different fla-
vors (νe, νe, and νx), for a progenitor mass ∼ 20 M�. Left panels: neutrino emission rate
dNν/dt and average energy 〈E〉 for the silicon burning phase, as taken from the OMK cal-
culations [89]. Right panels: neutrino emission rate and average energy for the supernova
neutrino burst, as taken from the Lawrence Livermore (LL) group simulation [78].

Figure 2.3 shows the main characteristics of our reference supernova emis-
sion model. The upper and lower panels show the neutrino emission rate
dNν/dt and the average neutrino energy 〈E〉 for different flavors. The left
panels refer to the silicon burning phase from the OMK calculations [89],
while the right panels refer to the supernova neutrino burst from the LL
group simulation [78]. According to the LL simulation, all flavors have com-
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Figure 2.4: Normalized neutrino spectra averaged over time. Left panel: energy spectra
in the silicon burning phase, as derived from [89] with shape parameter α = 4.28 [81].
Right panel: energy spectra associated to the supernova neutrino burst, averaged in the
time interval for shock-wave effects (t > 2), as derived from [78] with shape parameter
α = 3 [81].

parable emission rates (within a factor ∼ 2) in the so-called cooling phase
(t & 0.5 s). In the preceding phase the relative νe emission rate is higher,
and shows a distinct neutronization peak at 0.04–0.05 s. For later purposes,
we observe that the LL simulations predict limited variations (< 20%) of the
average neutrino energy in the time range (t > 2 s) relevant for shock-wave
effects on neutrino flavor transitions.

Figure 2.4 shows the normalized neutrino spectra ϕ for each flavor, after a
flux-weighted average over time, in the silicon burning phase (left panel) and
after supernova explosion (right panel). In the right panel we have restricted
the integration interval to t > 2 s, where shock-wave effects are relevant for
flavor transitions. Note that, in the silicon burning phase, the spectra are
equal for all flavors, and are peaked at relatively low energy (< 2 MeV) [89].
During the supernova explosion, neutrinos have an order of magnitude higher
average energy, and are peaked at different energy for each flavor [78]. Of
course, the detailed features of the reference emission model in Figs. 2.3
and 2.4 must be taken with a grain of salt, since the distribution of the
total energy in flavor and time is currently subject to large uncertainties,
which may be reduced in more advanced future simulations (as discussed in
Sec. 2.2.1).
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Figure 2.5: Static neutrino density profiles ρ(x). Dashed curve: “realistic” profile, as
graphically reduced from the supernova simulation performed in [93] assuming 14.6M�

for the ejecta. Solid line: “power-law” profile (ρ ∝ x−3) which best fits the realistic
one.

2.3 Supernova density profile: general fea-

tures and empirical parametrizations

Matter effects on neutrino flavor conversions depend crucially on the SN
density profile. If the shock-wave effects are neglected, the (static) SN density
profile ρ(x) can be approximately described by a power law,

ρ(x) = ρ0

(

x

R�

)−n

, (2.9)

where n ' 3, and the radius x is conventionally reported in units of the
solar radius, R� = 6.96 × 108 m. Figure 2.5 shows an example of static
neutrino density profile ρ(x) (dashed curve), as graphically reduced from
the supernova simulation published in [93] for a mass of the ejecta equal to
14.6M�. In the same figure, the solid line represents the best-fit power-law
potential (n = 3), corresponding to take ρ0 ' 1.0× 10−1 g/cm3 in Eq. (2.9).
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Figure 2.6: Adopted density profile for progenitor and shock wave as a function of
radius at various times post-bounce. Upper panel: Forward shock propagation [Figure
taken from [55]]. Lower panel: Forward and reverse-shock propagation [Figure taken
from [91]].

In the recent years, shock-wave propagation effects on the matter den-
sity profile have been considered in numerical simulations. In general the
shock wave, while propagating outwards at supersonic speed, leaves behind
a rarefaction zone, and creates a high-density front with a sharp density drop
(down to the static value) at

xfwd = forward shock front radius, (2.10)
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Figure 2.7: Simplified radial profile of the neutrino densitiy ρ(x) at different times t (1,
2, 4, 8, and 16 s) as taken from Appendix A. Upper panel: profile for the case of forward
shock [see Eqs. (A.1)–(A.7)]. Lower panel: simplified profile for the case of forward plus
reverse shock [see Eqs. (A.9)–(A.14)]. In both cases, the static profile (t ≤ 0 s) is also
shown.

as shown in the upper panel of Fig. 2.6 [55]. In [90] it is argued that the
density profile features in Fig. 2.6 are typical of neutrino-driven core-collapse
supernovae, for a wide range of progenitor masses.

However, in other accurate numerical simulations, additional features can
appear such as the “reverse” shock propagation [91]. For example, after the
explosion, a neutrino-driven baryonic wind can develop and collide with the
(slower) supernova ejecta, thus triggering a second (“reverse”) shock at

xrev = reverse shock front radius, (2.11)

which propagates (at lower velocity) behind the forward one [91]. Neutri-
nos may thus encounter two subsequent density discontinuities, leading to
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significantly different spectral features with respect to the case of a single
discontinuity. The matter density profile in presence of both forward and
reverse shock-wave propagation is shown in the lower panel of Fig. 2.6.

A parametrization of the shock-wave density profile is necessary to char-
acterize the non-trivial matter effects on the neutrino flavor transitions,
which we will widely discuss in Chapter 5. In the following we shall re-
fer to two simplified parametrizations of the shock density profiles ρ, which
reproduce the main features of Fig. 2.6 in the cases of forward and forward
plus reverse shock, and are continuous in both x and t [excepting the points
x(t) = xfwd(t), xrev(t)]. The analytical expressions of such parametrizations,
reported in Appendix A, provide the results given in Figure 2.7. This figure
shows the neutrino density ρ(x) for representative post-bounce times ≥ 1 s,
as well as for t ' 0 (static profile). The upper panel represents the neutrino
density ρ in presence of forward shock only. In the lower panel we take also
into account the reverse shock, characterized by a smaller discontinuity at
the front.

A final remark is in order. All the existing discussions of the matter ef-
fects on SN neutrino flavor conversions are based on spherically symmetric
and smooth density profiles. However, there can be significant density varia-
tions, convections, turbolence, and so forth. Further studies will be required
to develope a more realistic, three-dimensional characterization of the SN
density profile.



Chapter 3

Supernova neutrino flavor

transitions:

An analytical approach

In this Chapter we discuss about Supernova neutrinos flavor transitions, char-
acterized by peculiar matter effects associated with the propagation of the
neutrinos in SN mantle and envelope. We describe first the equations of mo-
tion for neutrinos propagating in matter (Sec. 3.1). We present an analytical
solution of these equations in the simplified case of only two generations of
neutrinos, in terms of the electron (anti)neutrino survival probability Pee

(Sec. 3.2). Our treatment of the equations is based on an analytical recipe
for the neutrino crossing probabilities along the supernova potential profile
(Sec. 3.3). Then, we extend the calculation of Pee in the case of three-flavor
transitions, for neutrinos and antineutrinos in both hierarchies (Sec. 3.4). Fi-
nally, we include possible additional matter effects for SN neutrinos crossing
the Earth (Sec. 3.5).

3.1 Equations of motion for neutrinos in mat-

ter

Neutrinos, produced by a core-collapse supernova, are emitted by the core
and pass through the mantle and the envelope of the progenitor star. Since
the interactions betweeen matter and neutrinos are extremely weak, one may
expect that neutrinos bring no information about the mantle and the enve-
lope. However, they do bring the information through the peculiar matter
effects associated with their flavor transitions, which depend on the density
profile.
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The evolution of neutrinos propagating in matter can be obtained from
the Dirac equation which describes the motion of massive neutrinos through
suitable approximations. For ultra-relativistic neutrinos (E � m), the full
spin structure is not probed, and only the propagation of the left-handed
component is relevant. One gets then a Schrödinger-like equation for neutrino
propagation [94]

i
∂ν

∂x
= Hν . (3.1)

where H is the Hamiltonian, which can be written as

H = Hv +Hm , (3.2)

where Hv is the vacuum term, while Hm takes into account matter effects on
the neutrino propagation. We discuss these two contributions separately.

Vacuum term

In vacuum, the Hamiltonian is Hv = diag (E1, E2, E3) in the basis of mass
eigenstates. Assuming that |~p| � mi, the energy of a neutrino mass eigen-
state νi with mass mi is

Ei =
√

p2 +m2
i ' p+

m2
i

2p
. (3.3)

We parametrize the squared mass matrix M 2 as

M2 = diag(m2
1, m

2
2, m

2
3) =

m2
2 +m2

1

2
1

+ diag

(

−δm
2

2
,+

δm2

2
,±∆m2

)

, (3.4)

where the mass squared differences are defined as in Eqs. (1.7)–(1.8) and
the upper (lower) sign refers to normal (inverted) hierarchy. In the previous
equations [Eqs.(3.3)–(3.4)], the terms proportional to the unit matrix 1 are
irrelevant in the solution of neutrino propagation equations [Eq. (3.1)] since
they give only an overall phase, and therefore can be discarded.

Since neutrinos are produced through weak interaction processes as flavor
eigenstates, we have to rewrite the mass matrix in the flavor basis by means
of the mixing matrix U [Eq. (1.4)]. The vacuum term of the Hamiltonian Hv

in flavor basis [να = (νe, νµ, ντ )] is then

Hv = U





−kL/2 0 0
0 +kL/2 0
0 0 kH



U †, (3.5)
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Figure 3.1: Neutrino charged current (left panel) and neutral current (right panel)
interactions in matter (x = e, µ, τ ; N = nucleon).

where the “low” (L) and “high” (H) neutrino oscillation wavenumbers are
defined as

kL = δm2/2E , (3.6)

and

kH = ∆m2/2E , (3.7)

respectively.

Matter term

Neutrinos propagating in a medium experience a shift of their vacuum energy
(similar to photon index of refraction) induced by the their forward scatter-
ing with the medium constituents: protons, neutrons, electrons. This is the
well-known MSW effect, first pointed out by Wolfenstein, and by Mykheyev
and Smirnov [54]. Neutrinos will scatter off background matter via charged
currents (CC) and neutral currents (NC). For ordinary matter and standard
interactions, only the charged current interactions will alter the neutrino fla-
vor content during the propagation. [The neutral current is flavor conserving
and influences equally the neutrino flavors.]

For typical energies of SN neutrinos [∼ O(10) MeV] the only relevant
charged current interaction is the scattering of electron neutrinos νe (or ν̄e)
with the background electrons e−, as shown in Fig. 3.1. The effective inter-
action between the e− and the νe can be written in terms of the low-energy
Fermi Hamiltonian as

Hint =
GF√

2
ψ̄eγµ(1 − γ5)ψνe

ψ̄νe
γµ(1 − γ5)ψe , (3.8)

where ψe and ψνe
indicate the fields of e− and νe, respectively. By a Fierz
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transformation it can be brought into the form

Hint =
GF√

2
ψ̄eγµ(1 − γ5)ψeψ̄νe

γµ(1 − γ5)ψνe
. (3.9)

It is now straightforward to work out the forward scattering amplitudes. The
axial-vector piece represents the spin of the electrons, and so it averages to
zero if the medium is unpolarized. Moreover, since the background electrons
are nonrelativistic (as seen from neutrinos), only the γ0 component of the
electron density contributes, so that

ψ̄eγµψe = δµ0Ne(x) , (3.10)

where Ne(x) is the electron density profile. As a consequence the CC inter-
action term produces a “potential” V for νe [94]

V (x) =
√

2GF Ne(x) , (3.11)

embedding the interaction energy difference among the different flavors (νe

and νµ,τ ). For ν̄e, it is V → −V .
In appropriate units,

V (x)

eV2/MeV
= 7.57 × 10−8 Ye(x)

ρ(x)

g/cm3
, (3.12)

where ρ(x) is the matter density and Ye(x) is the electron/nucleon num-
ber fraction. In supernovae, neglecting shock-wave effects, we have seen in
Sec. 2.3 that ρ(x) [and thus V (x)] can be approximately described by a power
law, ρ(x) ∝ x−3, so that

V (x) = V0

(

x

R�

)−n

, (3.13)

where n ' 3 and V0 = 1.5 × 10−8 eV2/MeV, from the fit of the realistic
density in Fig. 2.5.

Notice that at the one loop level a difference between the potential of νµ

and ντ appears, due to different masses of the muon and tau leptons [95]:

Vτµ ≡ Vτ − Vµ ' ± 3

2π2
G2

Fm
2
τ

[

(Np +Nn) ln

(

MW

mτ

)

−Np −
2

3
Nn

]

, (3.14)

where mτ and MW are the masses of the tau lepton and of the W boson,
respectively, and Np and Nn denote the number densities of protons and
neutrons in the medium. In Eq. (3.14) the + (−) sign refers to neutrinos
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(antineutrinos). The difference Vτµ is, however, much smaller than the νe −
νµ/ντ effective potential V [96]:

Vτµ ' 5 · 10−5V , (3.15)

so that we will neglect it hereafter (see [96] for a study of marginal effects of
this term in the context of SN neutrinos flavor transitions).

In conclusion, the matter terms of the Hamiltonian in Eq. (3.2) in flavor
basis assumes the form

Hm = diag(V, 0, 0) . (3.16)

We will discuss in Chapter 4 possible generalizations of the Hamiltonian in
matter in presence of nonstandard neutrino interactions.

The Hamiltonian for neutrinos propagating in matter H = Hv + Hm

is, in general, non diagonal in the flavor basis. There is then a nonzero
probability that the detected neutrino flavor is different from the neutrino
flavor at production. The flavor conversion probabilities can be obtained by
solving the equations of motion [Eq. (3.1)].

In the context of supernovae, the intial fluxes of νµ and ντ are usually
considered identical, moreover the low energy of the emitted neutrinos [∼
O(10) MeV] implies that νµ and ντ cannot be directly detected (by charged
current interactions). Therefore, the only relevant probabilities are Pee(ν) =
P (νe → νe) and Pee(ν̄) = P (ν̄e → ν̄e) in the disappearence channel. Thus,
in the next sections we work out the solutions of the equations of motions in
term of the survival probability Pee.

1

3.2 Two-flavor solution to the equations of

motion

In this section we try to solve the neutrino propagation equations in SN mat-
ter in the simple case of only two neutrino flavors (νe, νx), νx being any linear
combination of νµ and ντ . This approximation provides a useful illustration
of the kind of effects that matter can have on neutrino flavor transitions.

In the simplified case of two neutrino families, the active states (νe, νx)
are assumed to be superpositions of two vacuum mass eigenstates (ν1, ν2),
characterized by a mass squared gap ∆m2 = m2

2 −m2
1 > 0, through a mixing

angle θ ∈ [0, π/2] by the 2 × 2 unitary matrix

U =

(

cos θ sin θ
− sin θ cos θ

)

. (3.17)

1See [96] for a study of the implications of possible small differences between the original
SN νµ and ντ fluxes.
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In the flavor basis, the two-family evolution equation for neutrinos [Eq. (3.1)]
can be written as

i
d

dx

(

νe

νx

)

= [Hv(θ) +Hm(x)]

(

νe

νx

)

. (3.18)

In the flavor basis the vacuum part Hv can be expressed in terms of the
neutrino mixing angle θ, of the squared mass difference ∆m2, and of the
energy E as

Hv = U(θ)

(

−k/2 0
0 +k/2

)

U †(θ) , (3.19)

where Hv has been made traceless, and k = ∆m2/2E is the neutrino oscilla-
tion wave number. The matter term can be written as

Hm(x) = V (x)

(

1 0
0 0

)

(3.20)

≡ V (x)

2

(

1 0
0 −1

)

, (3.21)

where Hm has also been made traceless in the last equation, and V (x) is
defined as in Eq. (3.11). From Eqs. (3.19)-(3.21), it follows that the total
Hamiltonian takes the form

H = Hv +Hm (3.22)

=
k

2

(

− cos 2θ sin 2θ
sin 2θ cos 2θ

)

+
1

2

(

V 0
0 −V

)

. (3.23)

The Hamiltonian H is diagonalized in the instantaneous matter eigenstate
basis (ν1m, ν2m) through the mixing angle in matter θm defined by the fol-
lowing equations

sin 2θm =
sin 2θ

√

(cos 2θ − V/k)2 + sin2 2θ
, (3.24)

cos 2θm =
cos 2θ − V

√

(cos 2θ − V/k)2 + sin2 2θ
. (3.25)

The mixing angle θm is modified substantially (as compared with θ) by matter
effects. In particular for V � k, θm → π/2; while for V → 0, θm →
θ. Potentially large matter effects are then expected when V ∼ O(k). In
particular, when V = k cos θ, θm = π/4 and the neutrino mixing is maximum.
This is the so called “resonance” condition [94].
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Supernova neutrinos are produced at the high-density neutrinosphere
(ρ ∼ 1011−12 g/cm3), then propagate through regions of non-constant den-
sity (ρ ∼ x−3 up to shock wave effects), and are finally detected essentially
in vacuum. The evolution equation of effective eigenstates in non-constant
matter is given, in the instantaneous matter eigenstate basis, by

i
d

dx

(

ν1m

ν2m

)

= H ′

(

ν1m

ν2m

)

, (3.26)

where the Hamiltonian is

H ′ =
km

2

(

−1 −2 i θ̇m/km

2 i θ̇m/km 1

)

, (3.27)

and θ̇m = dθm/dx. The off-diagonal terms are absent in constant matter
(where transitions νm

1 → νm
2 are prevented). For θ̇m 6= 0 the evolution of the

matter eigenstates is non-diagonal. To characterize the importance of this
non-diagonal terms one introduce the so called “adiabaticity parameter” [97,
98, 99, 100, 101] Γ(x) in the basis (ν1m, ν2m), in terms of the ratio between
the diagonal term (±km/2) and the off-diagonal term (±idθm/dx) in the
(traceless) Hamiltonian. If Γ(x) is large along the whole trajectory, Γ(x) �
1, the transition is said adiabatic, and in this case we can neglect the off-
diagonal terms in the Hamiltonian. On the contrary, the evolution is said to
be nonadiabatic if the ratio satisfies the inequality Γ(x) . 1 in at least one
point of the neutrino trajectory in the matter. The minimal value of Γ(x)
identifies the point of “maximum violation of adiabaticity,” xmva [102],

Γ(xmva) ≡ minΓ(x) . (3.28)

If Γ(x) . 1, the off-diagonal terms become of the order of the diagonal
elements. Thus one expects some “level crossing” where the state νm

1 can
cross over νm

2 and vice versa. This is analogous to a quantum tunneling
effect. Let us denote by Pc the level crossing probability from νm

1 to νm
2 [94]:

Pc = |〈νm
2 (x+)|νm

1 (x−)〉|2 . (3.29)

Here, x± refer to two faraway points on either sides of the MVA position,
i.e. points where the adiabatic approximation is still valid. In practice, Pc

embeds the correction to the adiabatic approximation.

Using Pc one can write a simple equation for the survival probability of
the electron neutrino νe. Given an initial νe state in the matter νe = (1, 0)T ,
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its final survival amplitude Aee at the detector can be factorized as [102]

Aee(x0, L) = νT
e U(θ)Tv Tm U

T (θ0
m) νe (3.30)

= νT
e

(

cos θ sin θ
− sin θ cos θ

) (

eiξv/2 0
0 e−iξv/2

)

×
( √

1 − Pc e
−iα −

√
Pc e

−iβ
√
Pc e

iβ
√

1 − Pc e
iα

) (

cos θ0
m − sin θ0

m

sin θ0
m cos θ0

m

)

νe ,

where the four matrices act as follows (from right to left): (i) UT (θ0
m) ro-

tates (at x = x0) the initial state νe into the matter mass basis; (ii) Tm is
a generic SU(2) parametrization for the evolution of the matter mass eigen-
states (ν1m, ν2m) from the origin (x = x0) up to the exit from the medium
(where νim = νi), in terms of the crossing probability Pc = P (ν2m → ν1m)
and of two generic phases α and β; (iii) Tv evolves the mass eigenstates in
vacuum along the distance L, with ξv = kL; and (iv) U(θ) finally rotates the
mass basis back to the flavor basis at the detection point (x = L).

The high supernova core density (at the start of the neutrino free stream-
ing) implies V/k � 1 in Eqs. (3.24)–(3.25), so that sin 2θ0

m ' 0 and cos 2θ0
m '

−1.
Moreover, in the case of SN neutrinos, the vacuum phase is ξv ∼ O(1015−17),

so that oscillatory terms containing it average to zero. After some algebra,
the resulting νe survival probability can be expressed in terms of the phase-
averaged terms only

Pee ' cos2 θ Pc + sin2 θ [1 − Pc] . (3.31)

The latter equation could be obtained directly from Eq. (3.30), since to
neglect any oscillation term is equivalent to propagate “classical probabili-
ties” rather than “amplitudes” [94], so that:

Pee =
(

1 0
)

(

cos2 θ sin2 θ
sin2 θ cos2 θ

) (

1 0
0 1

)

×
(

1 − Pc Pc

Pc 1 − Pc

) (

1 0
0 1

) (

1
0

)

. (3.32)

In other words, the averaged probability is the product of the squared am-
plitudes instead of the squared product of the amplitudes. Note that for
the adiabatic case (Pc = 0) the survival probability Pee depends only on the
initial and final state. The correction to the adiabatic approximation is to-
tally embodied in the function Pc. In the next section we shall present an
analytical recipe for the evalutation of Pc, relevant for SN neutrinos.
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3.3 Supernova neutrinos crossing probability

In this Section we present an analytical recipe for calculating the crossing
probability Pc for neutrinos propagating in the supernova envelope, based
on the condition of maximum violation of adiabaticity [Eq. (3.28)]. We refer
the interested reader to Appendix B for a more detailed derivation of the
crossing probability.

The strategy is the following, as proposed in [42]:
(i) Identify the point xp where the potential equals the wavenumber,

V (xp) = k ; (3.33)

(ii) calculate the so-called density scale factor r at that point,

r = −
[

1

V (x)

dV (x)

dx

]−1

x=xp

; (3.34)

(iii) Insert the above r in the double-exponential parametrization for Pc(ν),

Pc(ν) =
exp(2πrk cos2 θ) − 1

exp(2πrk) − 1
. (3.35)

This effective analytical prescription for Pc(ν) in supernovae [Eqs. (3.33)–
(3.35)] stems from several recent improvements in the understanding of nona-
diabatic transitions, as discussed in Appendix B. The double-exponential
parametrization for Pc was originally derived in the context of solar neutri-
nos [99, 103]. It has several desirable properties: (i) It is a good ansatz (as
originally advocated in [94]) for generic density profiles; (ii) It holds in both
octants of θ; (iii) It reproduces the extremely nonadiabatic limit at small
k [94]

Pc ' cos2 θ ; (3.36)

and (iv) It reproduces the single-exponential, Landau-Zener (LZ) limit [94]

Pc ' exp(−2πrk sin2 θ) , (3.37)

at small θ. The most general prescription in Eq. (3.35) is to evaluate r in
the point where the adiabaticity is maximally violated (xmva), defined by
Eq. (3.28),

r ≡ r(xmva) . (3.38)

The validity of this prescription is based on the fact that Pc 6= 0 in a relatively
shorth part of the ν trajectory, where the propagation is locally nonadiabatic.
In fact, Eq. (3.33) is just a suitable approximation of the MVA condition
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[Eq. (3.28)]. For a monotonic V (x) profile, the MVA point is uniquely defined
in terms of the flex point of cos 2θm(x) [Eq. (3.25)]. For a SN power-law profile
ρ(x) ∝ x−n, this condition implies that

V (xmva) = k · g(n, θ) , (3.39)

where

g(n, θ) =
cos 2θ

2

2 − n

1 − 2n
±

√

1 − 2 − n

1 − 2n
+

(

cos 2θ

2

2 − n

1 − 2n

)2

, (3.40)

and the ± sign must be chosen so that g > 0. For n close to 3 (supernova
case), by keeping only the leading term in the expansion of the square root
in g(n, θ), one obtains: g ' 1 for n ' 3±1, up to ∼ 10% errors. A fractional
error δ in the evaluation of V (xmva) leads, for power-law potentials, to a
fractional error δ/n in the evaluation of r(xmva). Therefore, by setting in
any case g = 1 [and thus V = k, as in Eq. (3.33), rather than V = kg, as
in Eq. (3.39)] one expects a mere few % variation in the running value of r,
which is of little relevance when r is inserted in Pc through Eq. (3.35).

One has then to calculate the corresponding (running) value of the density
scale factor

r

R�

=
1

n

(

V0

k

)1/n

. (3.41)

r = r(xp) [provided by Eq. (3.41) for an exact power-law profile], and insert
r in the double-exponential form for Pc [Eq. (3.35)]. This analytical pre-
scription is applicable to generic (power-law or realistic) V (x) profiles in the
whole neutrino parameter space, with a typical percent accuracy.

The results of such an exceedingly simple analytical recipe are shown as
solid isolines for Pc in Fig. 3.2 (power-law case), to be compared with the
corresponding dashed isolines (exact results from numerical integration of
the neutrino propagation equations). The agreement between numerical and
analytical estimates of Pc is extremely good in the whole parameter space,
the difference being δPc = 2 × 10−2 in the worst cases.

As a final remark on Eq. (3.35), it should be noted that the single- and
double-exponential forms for Pc involve, in general, a function F (θ) depen-
dent on the potential profile (see Table I in [94]). Our choice in Eq. (3.35)
corresponds to take F (θ) = 1 − tan2 θ, which is the exact result for a solar-
like (exponential) profile, and represents the leading prefactor of F in a 1/n
expansion2 for a supernova-like (power-law) profile [94]. It has been checked

2The exponential profile case can be seen as the n → ∞ limit of the power-law profile
case [94].
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Figure 3.2: Two-flavor transitions: neutrino crossing probability Pc(ν) in the para-
meter space (∆m2/E, tan2 θ) for the power-law potential profile of Eq. (3.13). Dotted
curves: exact numerical calculations. Solid curves: results of the analytical prescription
in Eqs. (3.33)–(3.35). [Figure taken from [42]].

that the inclusion of the full (more complicated) expression for F (θ) in the
power-law case [94] does not lead to a significant improvement in the (already
high) accuracy of Pc of our analytical prescription, and thus we advocate the
simpler form for Pc given in Eq. (3.35) also for supernovae.

3.4 Three-flavor solution to the equations of

motion

Supernova neutrinos can provide peculiar tests of three-flavor oscillations in
matter, owing to the wide dynamical range of V (x) in collapsing stars (see [41,
42, 43, 44, 45, 46, 47, 48, 49, 50, 51, 52, 53] and references therein for recent 3ν
studies). In this Section, we discuss the derivation of the survival probability
Pee in the case of 3ν transitions, for the phenomenologically interesting cases
with hierarchical mass spectra of (anti)neutrinos, in both normal and inverted
hierarchy.

In general, the survival probability Pee depends on the parameters charac-
terizing the 3ν mass-mixing parameter space and on the neutrino potential V
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in matter. However, some important simplifications occur. Since the Hamil-
tonian is invariant under a transformation which leaves unalterated the νe,
i.e. a rotation in 2–3 subspace,





νe

νµ

ντ



 → OT
23





νe

νµ

ντ



 , (3.42)

the survival probability for electron (anti)neutrinos Pee does not depend on
the mixing angle θ23. Moreover, the indistinguishability of νµ and ντ in the fi-
nal state allows to rotate away also the CP phase δ from the parameter space,
even in presence of matter effects (see, e.g., [104]). The full 3ν parameter
space S3ν probed by SN neutrino flavor transitions in matter is thus

S3ν = (δm2, ∆m2, θ12, θ13, V ) , (3.43)

depending on 5 parameters.
A further simplification comes from the hierarchy of the squared mass

differences (δm2 � ∆m2). As discussed in Sec. 3.3, relevant transitions
between eigenstates in matter (P ij

c ) are expected when V ∼ O(kL) or V ∼
O(kH). In particular, using Eq. (3.12), let us express the density ρ in the
form

ρ ∼ 1.4 × 106 g/cm3

(

∆m2

1 eV2

) (

10 MeV

E

) (

0.5

Ye

)

. (3.44)

There are then two layers relevant for matter effects (V ∼ k). A layer at
higher densities (H) corresponds to the atmospheric ∆m2 ∼ 2.4 × 10−3 eV2

(V ∼ kH) for
ρH ∼ 103 − 104 g/cm3 , (3.45)

and a layer at lower densities (L) corresponds to the solar δm2 ∼ 7.9 ×
10−5 eV2 (V ∼ kL) for

ρL ∼ 20 − 200 g/cm3 . (3.46)

The hierarchy δm2 � ∆m2, and therefore the hierarchy of the density
layers ρL � ρH leads to the “factorization” of the dynamics of conversions:
the transitions in the two different layers can be considered as independent,
and each transition is reduced to a two-neutrino problem. As shown in
Appendix C, this fact leads to the following parameter space factorization

S3ν ' L2ν ⊗H2ν = (δm2, θ12, V ) ⊗ (∆m2, θ13, V ) . (3.47)

It results that the H transition occurs in the neutrino channel for the normal
hierarchy (where V, kH > 0) and in the antineutrino channel for the inverted
hierarchy (where V, kH < 0). The L transition occurs in the neutrino channel
for both the hierarchies (since kL > 0).
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Neutrinos with normal hierarchy

For neutrinos with normal mass hierarchy, the “propagation of probabili-
ties” approach [Eq. (3.32)] yields the following factorization of dynamics (see
Appendix C for further details):

Pee(ν) =
(

U2
e1 , U2

e2 , U2
e3

)





1 − PL(ν) PL(ν) 0
PL(ν) 1 − PL(ν) 0

0 0 1





×





1 0 0
0 1 − PH(ν) PH(ν)
0 PH(ν) 1 − PH(ν)









U2
e1,m

U2
e2,m

U2
e3,m



 , (3.48)

where PL and PH are the crossing probabilities for the low and high density
transitions, respectively.

The relevant matrix elements Uei are parametrized in terms of two mixing
angles (θ13, θ12) [see Eq. (1.4)],

U2
e1 = cos2 θ13 cos2 θ12 , (3.49)

U2
e2 = cos2 θ13 sin2 θ12 , (3.50)

U2
e3 = sin2 θ13 , (3.51)

and the elements U 2
ei,m in matter are defined in analogy to Eqs. (3.49)–(3.51),

with neutrino mixing angles θm
12 and θm

13 in matter given by

sin 2θm
12 =

sin 2θ12
√

(cos 2θ12 − V/kL)2 + sin2 2θ12
, (3.52)

cos 2θm
12 =

cos 2θ12 − V/kL
√

(cos 2θ12 − V/kL)2 + sin2 2θ12
, (3.53)

and

sin 2θm
13 =

sin 2θ13
√

(cos 2θ13 − V/kH)2 + sin2 2θ13
, (3.54)

cos 2θm
13 =

cos 2θ13 − V/kH
√

(cos 2θ13 − V/kH)2 + sin2 2θ13
, (3.55)

at zeroth order in δm2/∆m2 (see Appendix C).
The matrices in Eq. (3.48) act as follows (from right to left): (i) Um

rotates (at x = x0) the initial νe = (1, 0, 0)T state into the matter basis; the
propagation of the matter eigenstates is expressed in terms of (ii) the PH

matrix, which embeds a crossing among the matter eigenstates ν3,m → ν2,m
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in H subsystem; (iii) the PL matrix, which represents a further crossing
among the matter eigenstates ν2,m → ν1,m in L subsystem; finally (iv) U
rotates the mass basis back to the flavor basis in vacuum.

The high supernova core density (at the start of neutrino free streaming)
implies V/kL,H � 1. It leads then to cos 2θm

13 ' −1 ' cos 2θm
12 and to the

expression

Pee(ν) = U2
e1 PL(ν)PH(ν) +U2

e2 [1− PL(ν)]PH(ν) +U2
e3 [1− PH(ν)] . (3.56)

On the basis of Eqs. (3.38) and (3.47) and of the 2ν prescription in
Eq. (3.35), PL(ν) and PH(ν) can be analytically expressed as

PL(ν) =
exp(2πrLkL cos2 θ12) − 1

exp(2πrLkL) − 1
(3.57)

and

PH(ν) =
exp(2πrHkH cos2 θ13) − 1

exp(2πrHkH) − 1
, (3.58)

where

rL,H = −
[

1

V (x)

dV (x)

dx

]−1

x=xL,H

, (3.59)

and the points xL and xH are defined by the V = k condition3 [Eq. (3.33)]

V (xL,H) = kL,H . (3.60)

Equations (3.56)–(3.60) allow the calculation of Pee(ν) in the whole 3ν pa-
rameter space for normal hierarchy. Phenomenological input from neutrino
oscillations allows to simplify further Eqs. (3.57)–(3.58). In principle, the
occurrence of the condition kL = V (xL) at some radius xL could induce a
neutrino level crossing in the L subsystem with probability PL. However, for
the large value of sin2 θ12 ' 0.3 [Eq. (1.10)] it turns out that the L-transition
is adiabatic,

PL(ν) ' 0 . (3.61)

Moreover, for the sin2 θ13 . few %, as small as in Eq. (1.12), Eq. (3.58)
reduces to the Landau-Zener (LZ) limit in Eq. (3.37),

PH ' exp(−2πrHkH sin2 θ13) . (3.62)

3In principle, Eq. (3.47) implies an effective potential V (x) cos2 θ13 for the L subsystem,
and thus V (xL) cos2 θ13 = kL. However, within the phenomenological bound in Eq. (1.12),
it is cos2 θ13 ' 1 and the resulting difference in the calculation of Pee is completely
negligible.
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With these simplifications, one obtains from Eq. (3.56) the exceedingly
simple expression for the survival probability

Pee ' sin2 θ12PH , (3.63)

neglecting additive small terms of O(sin2 θ13).

Antineutrinos with normal hierarchy

The analytical prescription for the calculation of Pee can also be extended
from the neutrino to the antineutrino case. We remind that for antineutrinos
the matter potential V → −V . Since the potential V enters the equations
always as V/kL,H, the passage to antineutrinos can be obtained through the
replacement V/kL,H → −V/kL,H in Eqs. (3.48)–(3.55). In particular, the
antineutrino mixing angles in matter are given by

sin 2θ
m

12 =
sin 2θ12

√

(cos 2θ12 + V/kL)2 + sin2 2θ12
, (3.64)

cos 2θ
m

12 =
cos 2θ12 + V/kL

√

(cos 2θ12 + V/kL)2 + sin2 2θ12
, (3.65)

and analogously for θ
m

13. The initial high-density condition gives cos 2θ
m

13 '
+1 ' cos 2θ

m

12 and leads to

Pee(ν) = U2
e1 [1 − PL(ν)] + U2

e2 PL(ν) . (3.66)

By conventionally keeping V > 0 (and θ unaltered), the replacement V/kL →
−V/kL implies δm2 → −δm2. The change of sign of δm2 for antineutrinos is
equivalent to a swap of the mass labels 1 ↔ 2, corresponding to U 2

e1 ↔ U2
e2

and sin2 θ ↔ cos2 θ. The analytical prescription for PL(ν) is then obtained
from Eq. (3.57),

PL(ν) ≡ PL(ν)1→2

=
exp(2πrLkL sin2 θ12) − 1

exp(2πrLkL) − 1
, (3.67)

with rL defined as in Eqs. (3.59) and (3.60). Also in this case, for the large
value of sin2 θ12 it turns out that the L-transition is adiabatic,

PL(ν̄) ' 0 , (3.68)

implying that in this case

Pee(ν̄) ' cos2 θ12 . (3.69)
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Neutrinos with inverted hierarchy

For fixed mass spectrum and mixing angles, neutrino and antineutrino prob-
abilities can be transformed into one another by flipping the signs of V/kL,H

or, equivalently, by flipping the signs attached to δm2 and ∆m2, while keep-
ing V > 0. The ±δm2 sign flip is equivalent to the 1 ↔ 2 swap of mass
labels, leading to U 2

e1 ↔ U2
e2 [namely, sin2 θ12 ↔ cos2 θ12, with no change in

θ13 or U2
e3]. The ±∆m2 sign flip is instead equivalent to swap hierarchy [see

Eq. (3.4)].
From such symmetry properties one obtains

Pee(ν |+ δm2, −∆m2) ≡ Pee(ν| − δm2, +∆m2) ≡ Pee(ν |+ δm2, +∆m2)1↔2 ,
(3.70)

namely, the νe survival probability for inverted hierarchy equals the νe sur-
vival probability for normal hierarchy [Eq. (3.69)], under the substitution
U2

e1 ↔ U2
e2,

Pee(ν) ' sin2 θ12. (3.71)

Antineutrinos with inverted hierarchy

In analogy with the previous subsection, it can be easily realized that

Pee(ν |+ δm2, −∆m2) ≡ Pee(ν| − δm2, +∆m2) ≡ Pee(ν |+ δm2, +∆m2)1↔2 ,
(3.72)

which, applied to Eq. (3.63), gives

Pee(ν) ' cos2 θ12PH . (3.73)

Notice that we have written PH(ν) and not PH(ν) in Eq. (3.73), since the
1 ↔ 2 swap makes no change in PH , defined in terms of ∆m2 ≈ m2

3 −m2
1,2

and of U2
e3. One can then drop the argument of PH and simply write

PH(ν) = PH(ν) ≡ PH . (3.74)

3ν transitions: Summary

The 3ν results in Eqs. (3.63), (3.69), (3.71), and (3.73) can be summarized
as

Pee '















sin2 θ12 PH (ν, normal),
cos2 θ12 (ν, normal),
sin2 θ12 (ν, inverted),
cos2 θ12 PH (ν, inverted),

(3.75)
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Figure 3.3: Crossing probability PH for E = 10 MeV (continuous curve) and E =
50 MeV (dashed curve) in function of sin2 θ13.

where “normal” and “inverted” refer to the hierarchy type. In the above
equations, we have neglected small additive terms of O(sin2 θ13), which are
not relevant for our discussion. From these equations, it appears that PH

can modulate the (otherwise constant) survival probability of νe in normal
hierarchy and of νe in inverted hierarchy, thus providing an important handle
to solve the current hierarchy ambiguity.

In conclusion, from Eq. (3.75) we obtain that the transitions in the L
subsystem are negligible since PL ' 0. It implies that the matter effects in
SN envelope can be totally embedded in the crossing probability PH in the
H = (∆m2, θ13) subsystem. In Figure 3.3 we see the behaviour of the crossing
probability PH in function of sin2 θ13. For small values of sin2 θ13 . 10−5,
PH ' 1 (adiabatic) making the two mass hierarchies indistinguishable. On
the opposite, for sin2 θ13 & 10−4, PH ' 0 (strongly non-adiabatic). For
intermediate values of θ13, PH modulates the survival probability Pee since it
is energy-dependent.



36

Supernova neutrino flavor transitions:

An analytical approach

3.5 Earth matter effects

For the mass squared differences implied by the experimental results on solar
and atmospheric neutrinos, the supernova neutrinos arrive on the Earth as
mass eigenstates. The main reason is the loss of coherence between mass
eigenstates on the way from the star to the Earth, as discussed in Sec. 3.2.
However, neutrinos crossing the Earth can still be forced to oscillate again.
Indeed, the eigenstates of the Hamiltonian in Earth matter do not coincide
with the mass eigenstates νi. So there is mixing: νi ↔ νj and, as a conse-
quence, oscillations in the flavour content of the flux occur.

In Eq. (3.75) it has been assumed that the final neutrino detection occurs
in vacuum. In general, possible Earth matter effects preceding supernova ν
detection can be implemented by the final-state substitution in Eq. (3.48)
[94]

(U2
e1, U

2
e2, U

2
e3) → (Pe1, Pe2, Pe3) (3.76)

in Eq. (3.48), where Pei = P (νe → νi) in the Earth.
Under the assumption of a definite mass spectrum hierarchy (either nor-

mal or inverted), the 3ν calculation of Pei is further reduced to a 2ν problem
[41], so that in Eq. (3.75) one can substitute

(cos2 θ12, sin
2 θ12) → (1 − PE, PE) , (3.77)

where
PE = P (νe → ν2) , (3.78)

in the Earth. The task is thus reduced to the 2ν calculations of PE(ν) and
PE(ν), which are independent of δm2 and of the hierarchy type (normal or
inverted). Analytical expressions for PE can be given for particularly simple
(or approximated) situations of Earth matter crossing.

One shell

We consider, for simplicity, the case in which the ν trajectory crosses only the
Earth mantle, characterized by an approximately constant (average) density
ρ ' 4.5 g/cm3. Given an initial ν2 state in vacuum, the amplitude A(ν2 → νe)
after the mantle crossing can be factorized as

Aν2→νe
(x0, L) = νT

e U(θm
12)T⊕ U

T (θm
12)U(θ12) ν2 (3.79)

= νT
e

(

cos θm
12 sin θm

12

− sin θm
12 cos θm

12

) (

eiξ⊕/2 0
0 e−iξ⊕/2

)

×
(

cos θm
12 − sin θm

12

sin θm
12 cos θm

12

) (

cos θ12 sin θ12
− sin θ12 cos θ12

)

ν2 ,
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Figure 3.4: Earth matter effects: Curves of probabiltiy of PE = P (ν2 → νe) for neutrinos
(upper panel) and antineutrinos (lower panel). The horizontal line represents the case of
no Earth effect. The parameters assumed for Earth crossing are ρ = 4.5 g/cm3, Ye = 0.5
and L = 8500 km.

where the four matrices act as follows (from right to left): (i) U(θ12) rotates
(in vacuum) the initial mass state ν2 into the flavor basis; (ii) U(θm

12) rotates
the flavor basis into the mass basis in the Earth matter; (iii) T⊕ evolves the
mass eigenstates in the Earth along the distance L, with ξ⊕ = kLL; and (iv)
U(θm

12) finally rotates the matter basis back to the flavor basis at the detection
point (x = L). The angle θm

12 in the Earth is defined as in Eqs. (3.52) and
(3.53) with the appropriate potential V in the mantle [Eqs. (3.11) and (3.12)].

From Eq. (3.79) it is straightforward to obtain

PE(ν) = |Aν2→νe
|2

= sin2 θ12 + sin 2θm
12 sin(2θm

12 − 2θ12) sin2

(

kL sin 2θ12
2 sin 2θm

12

L

)

(3.80)

where L = 2R⊕ cos θn is the total pathlength in the mantle, in terms of the
Earth radius R⊕ ' 6400 km and the nadir angle θn of the supernova with
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Table 3.1: Conditions for appearance of Earth effects in SN signals.

sin2 θ13 NH IH
. 10−3 νe and ν̄e νe and ν̄e

& 10−3 ν̄e νe

respect to the detector.
The antineutrino probability is obtained through the substitution

PE(ν) = PE(ν)
∣

∣

∣

V/kL→−V/kL

, (3.81)

leading to

PE(ν) = sin2 θ12 + sin 2θ
m

12 sin(2θ
m

12 − 2θ12) sin2

(

kL sin 2θ12

2 sin 2θ
m

12

L

)

, (3.82)

where θ
m

12 is defined through Eqs. (3.64) and (3.65). An example of PE is
shown in Fig. 3.4 for both neutrinos and antineutrinos. We see that the
main effect of Earth crossing is to induce an additional modulation effect
on the transition probability which would produce some “wiggles” in the
observable neutrino spectra, as we will discuss in Sec. 7.3. This modulation
on neutrino spectra has been proposed to put a limit on θ13 and to identify
the mass hierarchy. Indeed, the presence or absence of the Earth effect for
νe or ν̄e can discriminate value of sin2 θ13 greater or less than 10−3 as shown
in Tab. 3.1. For sin2 θ13 & 10−3, the crossing probability PH ≈ 0, so that
according to Eq. (3.75) the Earth effect would be visible only for ν̄e (νe)
is the hierarchy is normal (inverted). On the opposite, for small values of
sin2 θ13 . 10−3, PH 6= 0, so that the Earth effect would appear in both
the channels. In particular for sin2 θ13 . 10−5, PH ≈ 1 and the hierarchy
discrimination would be no longer possible.

The expressions in Eqs. (3.80) and (3.82) can be generalized also in the
case of ν crossing both the mantle and the core of the Earth (see [42] for the
analytical expressions in this case).



Chapter 4

Supernova neutrino flavor

transitions:

Nonstandard interactions

In this Chapter we discuss the effects of subleading nonstandard four-fermion
interactions on the flavor transitions of (anti)neutrinos in supernovae. We
consider first the two-neutrino case (Sec. 4.2) and then the three-neutrino
case (Sec. 4.3). Finally, we briefly discuss nonstandard effects in the Earth
matter (Sec. 4.1). Assuming the smallness of the nonstandard couplings, we
find that the main effect of these new interactions on supernova neutrino
transitions is to mimic a shift in the vacuum mixing angles, as compared to
the standard case.

The results presented in this Chapter are mainly based on the following
paper: G. L. Fogli, E. Lisi, A. Mirizzi and D. Montanino, “Revisiting non-

standard interaction effects on supernova neutrino flavor oscillations,” Phys.
Rev. D 66, 013009 (2002).

4.1 Nonstandard neutrino interactions in mat-

ter

Nonstandard neutrino interactions in matter, and their interplay with the
oscillation phenomenon, have been investigated in many different contexts.
An incomplete list includes analyses related to the solar neutrino problem
[105, 106, 107, 108, 109, 110, 111, 112, 113, 114, 115, 116, 117, 118, 119],
to the atmospheric neutrino anomaly [120, 121, 122], to the LSND oscil-
lation results [123], to neutrinoless double beta decay [124], to supernova
neutrinos [114, 125], to the production or detection of laboratory neutrinos
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[122, 126, 127, 128], and to future (very) long baseline projects [129, 130,
131, 132, 133, 134, 135]. In a nutshell, these works demonstrate that non-
standard neutrino interactions in matter can (sometimes profoundly) modify
the interpretation of current and future oscillation searches, and that their
possible effects deserve particular attention, whenever inferences about stan-
dard mass-mixing parameters are made from experimental data.

New neutrino interactions are often predicted (together with neutrino
masses and mixings) by several extensions of the standard electroweak theory,
in the form of effective (low-energy) four-fermion operators Oαβ ∼ νανβff

with strength Gf
αβ, inducing either flavor-changing (α 6= β) or flavor non-

universal (α = β) neutrino transitions. Models with left-right symmetry
[136] or with supersymmetry with broken R-parity [137, 138] provide widely
studied realizations of such operators. Their net effect in ordinary matter
(with fermion density Nf(x) at position x) is to provide extra ν interaction
energies proportional to the following dimensionless couplings

εαβ(x) ≡
∑

f=e,u,d

Gf
αβNf (x)

/

GF Ne(x) (4.1)

= εeαβ + εuαβNu(x)/Ne(x) + εdαβNd(x)/Ne(x) (4.2)

= εeαβ + εuαβ − εdαβ + (εuαβ + 2εdαβ)/Ye(x) , (4.3)

where εfαβ = Gf
αβ/GF , and Ye(x) is the electron/nucleon number fraction.

As a consequence ot these interactions, in the flavor basis να = (νe, νµ, ντ ),
the standard interaction Hamiltonian in SN matter

Hstd
m = diag(V, 0, 0) , (4.4)

can be generalized as

(Hm)αβ = (Hstd
m )αβ + V εαβ , (4.5)

where V is the standard neutrino potential [Eq. (3.11)]. The interaction
Hamiltonian for antineutrinos is obtained by replacing Gf

αβ with −(Gf
αβ)∗,

namely, V with −V and εαβ with ε∗αβ.
In the following, we make a few simplifying assumptions about the non-

standard couplings εαβ: (1) they are taken as real (either positive or neg-
ative), so that εαβ = εβα; (2) their possible variation with x through Ye

[see Eq. (4.3)] is neglected; and (3) they are assumed to be small, say,
|εαβ| < few × 10−2, so that terms of O(ε2) can be safely neglected in the
calculations. This assumption is consistent with the phenomenological up-
per bounds on these parameters [114, 115, 123, 139].
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4.2 Two-neutrino transitions

In the presence of nonstandard neutrino interaction, the matter term can be
written as

Hm(x) = V (x)

(

1 + εee εea
εea εaa

)

(4.6)

≡ V (x)

2

(

1 + εee − εaa 2εea
2εea −1 + εee + εaa

)

, (4.7)

where we have made Hm traceless in the last equation. For εαβ = 0 (standard
case), the interaction term reduces to [Eq. (3.21)]

Hstd
m = diag(+1, −1) · V (x)/2 . (4.8)

The term Hm in Eq. (4.7) is diagonalized through

Hm = U(η)T diag(+1, −1)U(η) · f V (x)/2 , (4.9)

where
f =

√

(1 + εee − εaa)2 + 4ε2ea , (4.10)

while U(η) is defined as in Eq. (3.17), but with argument

η =
1

2
arctan

2εea
1 + εee − εaa

(4.11)

= εea +O(ε2) , (4.12)

where terms of O(ε2) can be neglected.
Equation (4.9) differs from Eq. (4.8) in two respects: (a) the potential

V is multiplied by a factor f , and (b) there is an additional rotation matrix
U(η) = U(εea) +O(ε2). The point (a) is equivalent to rescale the supernova
density by less than a few percent [f = 1 +O(ε)], and does not lead to real-
istically measurable consequences; in fact, the difference f − 1 is conceivably
smaller than the uncertainties associated to the normalization and shape of
inferred or simulated supernova density profiles. The point (b) can instead
be important and, as we shall see, it leads to a bias in the “effective mixing
angle” governing flavor transitions along the supernova matter profile.

Summarizing the above discussion, the leading nonstandard effect on 2ν
propagation in supernovae is governed by the off-diagonal coupling εea, and
amounts to write Hm in the form

Hm(x) ' V (x)

2
UT (εea)

(

+1 0
0 −1

)

U(εea) . (4.13)
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It is then easy to check that, in the new basis
(

ν̃e

ν̃a

)

= U(εea)

(

νe

νa

)

, (4.14)

the neutrino evolution equation in matter takes an effective “standard” form
[Eq. (3.18)],

i
d

dx

(

ν̃e

ν̃a

)

= [Hv(θ̃) +Hstd
m (x)]

(

ν̃e

ν̃a

)

, (4.15)

where θ̃ = θ + εea. Roughly speaking, nonstandard effects can be “rotated
away” from Hm (which becomes H std

m ) and “transferred” to Hv through the
replacement θ → θ̃ = θ + εea. Since, as we discussed in Chapter 3, accurate
analytical solutions of Eq. (4.15) exist [expressed in terms of the survival
probability P (ν̃e → ν̃e)], the task is reduced to a proper back-rotation of
known results (applied to ν̃α) to the physical flavor basis να.

To do so, one defines the usual mixing angle in matter θ̃m diagonalizing
the total Hamiltonian in Eq. (4.15),

cos 2θ̃m =
cos 2θ̃ − V/k

√

(cos 2θ̃ − V/k)2 + sin2 2θ̃
(4.16)

and the associated basis of effective mass eigenstates in matter ν̃m,i,

ν̃α = U(θ̃m) ν̃m,i . (4.17)

The formal solution of Eq. (4.15), evolving the state (να) from the starting
point (x = xo) to the detection point (x = L), can then be factorized as in
the standard case [Eq. (3.30)]

Aee(x0, L) = νT
e U(θ) · Tv · Tm(θ̃) · UT (θ̃o

m)U(εea)νe (4.18)

= νT
e U(θ) · Tv · Tm(θ̃) · UT (θ̃o

m − εea)νe, (4.19)

where, U(εea) rotates the initial state να to the ν̃α basis of Eq. (4.15) and the
other matrices act analogously as in Eq. (3.30).

Analogously to the standard case [Eq. (3.32)], the phase-averaged electron
neutrino survival probability finally reads1

Pee =
(

1 0
)

(

cos2 θ sin2 θ
sin2 θ cos2 θ

) (

1 − Pc(θ̃) Pc(θ̃)

Pc(θ̃) 1 − Pc(θ̃)

) (

0 1
1 0

)(

1
0

)

,

(4.20)

1For SN neutrinos the initial (high density) condition V (xo)/k � 1 leads to sin2(θ̃o
m −

εea) ' 1 + O(ε2ea), effectively cancelling any “memory” of the initial point xo above the
protoneutron star.
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namely,
Pee = cos2 θ Pc(θ̃) + sin2 θ[1 − Pc(θ̃)] . (4.21)

Equation (4.21) is formally analogous to the one in the standard case
[Eq. (3.31)] (εea = 0), modulo the replacement θ → θ̃ = θ + εea in Pc.

Equation (4.21) represents our main result for the two-flavor neutrino
case. It provides a compact description of nonstandard interaction effects on
Pee, valid for generic values of θ and ∆m2 (provided that εea � 1).

4.3 Three-neutrino transitions

Also in the presence of nonstandard neutrino interactions, the hierarchy of
neutrino mass spectrum allows to factorize the 3ν dynamics into two (almost
decoupled) 2ν subsystem for the H and L transitions, in the same way as for
the standard case (Sec. 3.4).

To isolate the dynamics of the H transition, one rotates the starting
neutrino (flavor) basis by OT

23, and extracts the submatrix with indices (1, 3)
(see Appendix C). The effective 2ν sub-dynamics is then governed by (k, θ) ≡
(kH , θ13), and the analogous of εea is given by the off-diagonal (nonstandard)
term, which reads

εH = εeµ sin θ23 + εeτ cos θ23 . (4.22)

Using the results of the previous section, the crossing probability for the
H transition is thus described in terms of an effective (1, 3) mixing angle
θ̃13 = θ13 + εH , so that

PH =
e2πrHkH cos2(θ13+εH) − 1

e2πrHkH − 1
, (4.23)

rH being the density scale factor [Eq. (3.34)] evaluated at the point xH where
V (xH) = kH . Since θ13 + εH � 1, the crossing probability in Eq. (4.23)
reduces to the Landau-Zener limit as in the standard case [Eq. (3.62)]:

PH ' e−2πrHkH sin2(θ13+εH) . (4.24)

Analogously, to isolate the dynamics of the L transition, one rotates the
starting neutrino (flavor) basis by OT

13O
T
23, and then extracts the subma-

trix with indices (1, 2). The effective 2ν sub-dynamics is then governed by
(k, θ) ≡ (kL, θ12) and by the off-diagonal (nonstandard) term, which now
reads

εL = cos θ13(εeµ cos θ23 − εeτ sin θ23)

+ sin θ13[(εττ − εµµ) sin θ23 cos θ23 − εµτ cos 2θ23] . (4.25)
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The crossing probability for the L transition is thus described in terms of an
effective (1, 2) mixing angle θ̃12 = θ12 + εL, so that

PL =
e2πrLkL cos2(θ12+εL) − 1

e2πrLkL − 1
, (4.26)

rL being evaluated at the point xL where V (xL) = kL. The same shift
(θ12 → θ12 + εL) applies to the expression of PL for antineutrinos. For values
of θ12 as large as indicated by solar neutrino searches, also in the nonstandard
case, the crossing probability in the low subsystem is adiabatic

PL ' 0 , (4.27)

so that we can neglect it as in the standard case.
The above discussion implicitly assumes normal hierarchy of neutrino

masses (∆m2 > 0). The case of inverted hierarchy (∆m2 < 0) is, however,
strictly analogous. Therefore, the prescription remains the same, irrespec-
tive of the spectrum type: take the standard expressions of Pee [Eq. (3.75)],
and replace θ13 → θ13 + εH in the crossing probability PH for both neutrinos
and antineutrinos. Embedding nonstandard interaction effects through ap-
propriate shifts of θ13 within PH , represents our main results for the case of
three-flavor mixing of supernova neutrinos (up to Earth matter effects).

So that, the main phenomenological consequence of these interactions is
a possible uncontrolled bias (θ13 → θ13 + εH) in the value of the mixing an-
gle θ13 inferred by inversion of supernova neutrino data. In extreme cases,
nonstandard interactions might either completely mimic (θ13 = 0, εH 6= 0) or
completely cancel (θ13 = −εH) “standard” θ13-related effects in the H transi-
tion. Such a drawback, does not preclude the discrimination of the neutrino
mass spectrum hierarchy (normal or inverted) by means of the effects of the
crossing probability PH = PH(θ13 + εH), as expressed in Eq. (3.75).

4.4 Earth matter effects

In the standard case (εαβ = 0), it has been discussed in Sec. 3.5 that possible
Earth matter effects before supernova ν detection can be embedded through
a specific transition probability PE = PE(θ12, δm

2).
The dependence of PE on θ12 is both explicit (through a θ12-rotation

in vacuum), and implicit [through the mixing angle in the Earth matter,
θm
12 = θm

12(θ12)], so that

PE = PE(θ12, θ
m
12(θ12), δm

2), standard case . (4.28)
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Figure 4.1: Earth matter effects: Curves of the probability PE = P (ν2 → νe) as a func-
tion of E for mantle crossing of supernova neutrinos (with L = 8500 km, ρ = 4.5 g/cm3

and Ye = 0.5). Nonstandard interactions affect the amplitude and the phase of the os-
cillatory pattern through εL. The horizontal solid line represents the case of no Earth
effect.

In particular, Sec. 3.5 reports known representations of the function PE in
the case of Earth mantle crossing.

In the nonstandard case, since it is εαβ 6= 0 only in matter, the previously
found shift θ12 → θ12 + εL applies only to θm

12, namely,

PE = PE(θ12, θ
m
12(θ12 + εL), δm2), nonstandard case , (4.29)

and similarly for antineutrinos. The effects of εL would produce a small shift
of the oscillatory pattern of PE, as shown in Fig. 4.1. However, detecting
these small effects would require very high-statistics observations.
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transitions:

Shock-waves effects

The realization that the supernova shock propagation can affect neutrino
flavor transitions [55] a few seconds after core bounce [140] is gaining in-
creasing attention in the recent literature on supernova neutrinos [90, 91,
141, 142, 143, 144]. Indeed, time-dependent variations of the neutrino po-
tential [54] along the supernova shock profile can leave an interesting imprint
on the energy and time structure of the (anti)neutrino signal at the Earth
[55, 90, 91, 143, 144]. Conventional (optical, radio and X-ray) observations
of supernova events and remnants give little direct informations on the early
propagation of the shock. Therefore, the observation of possible shock-wave
effects on the neutrino signal, although very challenging from an experimen-
tal viewpoint, would open a unique opportunity to study some aspects of the
supernova shock dynamics in “real time.” Moreover, the strong sensitivity
of such effects to the neutrino oscillation parameters [55, 90, 91, 143, 144]
might, in principle, provide us with additional constraints (or hints, at least)
on the neutrino mass spectrum and mixing angles.

In this Chapter we generalize the analytical treatment of matter effects
described in Chapter 3 to the non-monotonic time-dependent matter poten-
tial induced by the shock-wave propagation. In Section 5.1, after presenting
our simplified parametrization for the neutrino potential in both cases of for-
ward and forward+reverse shock waves, we discuss our analytical calculation
of the crossing probabilities. In Section 5.2 we show that such calculations
reproduce well (and are much more convenient than) numerical approaches
to the overall crossing probabilities, both in the time and in the energy do-
main. Finally, in Section 5.3 we characterize the signature on the crossing
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probabilities of a possible additional reverse shock wave [91]. Simple ana-
lytical calculations of the crossing probabilities along the supernova shock
profile appear thus to be adequate to study neutrino flavor transitions in the
energy and time domain, for all practical purposes.

The results presented in this Chapter are mainly based on the following
paper: G. L. Fogli, E. Lisi, A. Mirizzi, and D. Montanino, “Analysis of

energy- and time-dependence of supernova shock effects on neutrino crossing

probabilities,” Phys. Rev. D 68, 033005 (2003).

5.1 Analytical approximations for the cross-

ing probabilities

As discussed in Chapter 3, matter effects on neutrino flavor transitions in
the SN envelope are embedded in the neutrino potential [Eq. (3.11)]

V (x) =
√

2GF Ne(x) . (5.1)

In the following, we shall use a simplified, empirical parametrizations
of the shock density profiles ρ, in both cases of forward and forward-plus-
reverse shock waves (see also Sec. 2.3 and Appendix A). We recall that, in
appropriate units,

V (x)

eV2/MeV
= 7.57 × 10−8 Ye(x)

ρ(x)

g/cm3
, (5.2)

where Ye(x) ≈ 0.5 is the electron/nucleon number fraction.
Figure 5.1 shows the neutrino potential V (x) as derived from the adopted

parametrizations for representative post-bounce times ≥ 1 s, as well as for
the static profile (t ' 0). The upper panel represents the neutrino potential
V in presence of the forward shock only, with a sharp discontinuity at

xfwd = forward shock front radius. (5.3)

In lower panel we take also into account the reverse shock, characterized by
a less pronounced discontinuity at

xrev = reverse shock front radius. (5.4)

In both panels, we also show the band spanned by the neutrino wavenum-
bers kH = ∆m2/2E and kL = δm2/2E for E ∈ [4, 60] MeV.
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Figure 5.1: Radial profile of the neutrino potential V (x) at different times t (1, 2, 4,
8, and 16 s). Upper panel: Our simplified profile for the case of forward shock. Lower
panel: Our simplified profile for the case of forward plus reverse shock. In both cases, the
static profile (t ≤ 0 s) is also shown. The band within dashed lines marks the region where
matter effects are potentially important (V ' kH and V ' kL for E = 4–60 MeV).

Matter effects are potentially relevant when the potential V equals one
of the neutrino wavenumbers kL,H . In particular, when

V (xH , t) ' kH , (5.5)

there is a finite crossing probability PH in the H subsystem. In general, as
we discussed in Sec. 3.4, PH takes the same form for both neutrinos and
antineutrinos. The condition for large matter effects (V ' kH) implies then
that at relatively early (late) times only the static profile (the rarefaction
zone) is relevant, while for intermediate times (e.g., t =2, 4 or 8 s in Fig. 5.1)
the propagation of the shock front(s) must be accounted for.
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As it can be seen in Fig. 5.1, in presence of only forward shock (upper
panel), a line at constant kH can intersect the V (x) profile in at most three
points xi, ordered as x1 ≤ x2 (≤ xfwd) ≤ x3, and corresponding to level
crossing probabilities P1, P2, and P3. A further crossing probability Ps is
related to the step-like feature of the profile at the shock front x = xfwd.
Given the peculiar step-like features of the matter potential at the shock
front, the analytical expressions of the crossing probabilities for x 6= xfwd

and x = xfwd are different. In particular, P1, P2 and P3 occur at points
xi(6= xfwd) (i = 1, 2, 3), where the potential V (x) is smooth (i.e. with a
finite gradient). In this case, the smallness of sin2 θ13 values suggests the
well-known Landau-Zener (LZ) form for the crossing probabilities Pi [see
Sec. 3.4],

Pi ' exp(−2πrikH sin2 θ13) , (5.6)

where ri is the scale factor,

ri =

∣

∣

∣

∣

d lnV (x)

dx

∣

∣

∣

∣

−1

x=xi

. (5.7)

Conversely, Ps occurs at x = xfwd, where the density gradient explodes
(ri → 0). In this case, the crossing probability Ps is strongly non-adiabatic
and it is determined by the conservation of flavor across the V (x) disconti-
nuity [see Appendix B]:

Ps = sin2(θ+
m − θ−m) , (5.8)

where θ+
m and θ−m are the effective mixing angles in matter immediately be-

fore (V = V +) and after (V = V −) the shock front position xfwd, respec-
tively. In the limit of very small θ13, the above equations imply Ps ' 1 for
kH ∈ [V −, V +], and Ps ' 0 otherwise, presenting a characteristic “top-hat”
behavior.

In principle, the further condition V (xL) = kL might occurr at some
radius xL and induce neutrino level crossings in the L subsystem with prob-
ability PL (generally different for neutrinos and antineutrinos). However, as
shown in Sec. 3.4, for sin2 θ12 ' 0.3 it is

PL(ν) ' 0 ' PL(ν̄) , (5.9)

at all points x 6= xfwd. The strong nonadiabatic character of the transition
at the shock front (x = xfwd) can lead, in principle, to PL 6= 0 in some
corners of the parameter space. In practice, however, this condition occurs
only in the low-energy tail of the (anti)neutrino spectrum (E . few MeV)
and at relatively late times (t & 10 s). Low-energy effects are suppressed
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by the lower cross section and by experimental detection thresholds, while
late-time effects are intrinsically suppressed by the exponential decrease of
the supernova neutrino luminosity on a timescale of a few seconds (see also
Sec. 2.2.3). Moreover, the L-transition is never strongly nonadiabatic; in fact,
from Eq. (5.8) one can prove that PL(ν) and PL(ν) are always significantly
smaller than cos2 θ12 and sin2 θ12, respectively. For such reasons, effects re-
lated to PL 6= 0 at the shock front are hardly observable, and will thus be
neglected.

If we assume that all relative neutrino phases can be averaged away,
and that the four transitions can be exactly factorized, the overall crossing
probability PH can be defined in terms of a simple matrix equation [94]

(

1 − PH PH

PH 1 − PH

)

=
∏

i=1,2,s,3

(

1 − Pi Pi

Pi 1 − Pi

)

, (5.10)

whose solution is

PH =
1

2

[

1 −
∏

i=1,2,s,3

(1 − 2Pi)

]

(5.11)

= P1 + P2 + Ps + P3 − 2(P1P2 + P1Ps + P1P3 + P2Ps + P2P3 + PsP3)

+4(P1P2Ps + P1P2P3 + P1PsP3 + P2PsP3) − 8P1P2PsP3.

We will refer to this simple equation for our analytical calculations of PH in
the case of forward shock only (see [144] for a recent study on the subleading
phase effects in the neutrino crossing probabilities during a shock wave).

The equation (5.10) can be generalized in presence of both forward and
reverse shock waves. In this situation, as one can see from Fig. 5.1 (lower
panel), a line at constant kH can intersect the V (x) profile up to four times
xj 6= xfwd, xrev (j = 1, 2, 3, 4). For these crossings the probabilities Pj are
given by Eq. (5.6). In addition, one should consider the two (non-adiabatic)
crossing probabilities Prev and Pfwd at the two shock fronts, at x = xrev

and x = xfwd respectively, given by Eq. (5.8). Also in this case, the overall
crossing probability PH can be obtained as an ordered product of each Pj

matrix. In this sense, the generalization of Eq. (5.10) is straightforward.

5.2 Analysis of the crossing probabilities

In the following sections we study the structure of the crossing probability PH

both in energy and in time domain. In particular, we check the accuracy of
the analytical recipe presented in Sec. 5.1, by comparing our analytical result
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with a numerical (Runge-Kutta) evolution of the neutrino flavor propagation
equations along representative shock density profile. For simplicity, we show
this comparison only in the case of the forward shock. The results apply
also in presence of an additional reverse shock wave (not shown). Such
comparison is not trivial, since the intrinsic accuracy of the factorization in
Eq. (5.10) is not known a priori in the whole relevant parameter space. In
fact, there are zones of the shock profile where two transition points can
become very close and eventually merge, or where the local density shape
can be strongly different from the static, quasi-cubic power law which was
used in Chapter 3 to test the Landau-Zener analytical recipe for the crossing
probability [Eq. (3.62)]. Moreover, in the presence of multiple (interfering)
transition amplitudes, it is worth checking that reasonable phase averaging
effectively reproduces the incoherent factorization implicit in Eq. (5.10). In
the following sections we present the results of these reassuring comparisons
both in time (Sec. 5.2.1) and in energy domain (Sec. 5.2.2).

5.2.1 Time domain

In this Section we study in detail the time dependence of PH at fixed energy.
We start with a comparison between numerical and analytical calculations
of PH , and then we study the decomposition of PH in terms of P1,2,s,3.

Analytical vs numerical calculations of PH(t)

Figure 5.2 shows our calculation of PH(t) at fixed neutrino energy E = 45
MeV and for five representative values of sin2 θ13, ranging from 10−2 (top) to
10−6 (bottom).1 In the left panels, a direct comparison is made between an-
alytical calculations (solid curves) and Runge-Kutta numerical calculations
(dots), performed at 5×103 equally-spaced points in the given time interval.
Both the analytical and the numerical calculations exhibit a complex struc-
ture due to the presence of multiple transitions. In particular, the results
of the numerical calculations appear to be generally scattered around the
analytical curve. The reason is that Runge-Kutta calculations keep track
of the phase(s) of the level crossing amplitude(s), while our analytical ap-
proximations average out this information from the beginning. In the right
panels of Fig. 5.2, phase averaging (smearing) is instead enforced through a
convolution with a “top-hat” time resolution function with ±0.5 s width. It
can be seen that such phase averaging brings the numerical and analytical
calculations in very good agreement at any t. The results of Fig. 5.2 show

1The choice of this relatively high value of energy is motivated a posteriori in Chapter 7.
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Figure 5.2: Comparison of numerical and analytical calculations of the crossing proba-
bility PH(t) (dots and solid curves, respectively) at E = 45 MeV and for five representative
values of sin2 θ13. In the right panels, phase effects are time-averaged.

that analytical calculations of PH coincide with phase-averaged numerical
results with very good accuracy, even close to the “critical” points where
two transitions collapse. Moreover, analytical calculations are actually much
more convenient than the numerical ones, which require a very high sampling
rate in order to perform efficient phase-averaging and to prevent numerical
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artifacts.
Let us now discuss in more detail the behavior of the analytical PH in the

left panels of Fig. 5.2. In analogy with the previous discussion in the energy
domain, the structure of PH appears to be characterized by (up to) four dif-
ferent regimes also in the time domain. These regimes are separated by three
“critical times,” namely, t ' 3.8 s (when kH equals V at the bottom of the
rarefaction zone xr), t ' 4.2 s (when kH equals V − at the bottom of the shock
front), and t ' 9.8 s (when kH equals V + at the top of the shock front). [Of
course, for E 6= 45 MeV such critical times will be different.] The probabili-
ties P1,2,s,3 play different roles in forming the global PH(t) in these different
regimes. For t . 3.8 s, the relevant density profile is essentially static, and
PH ' P3 ∝ constsin2 θ13 . Similarly, for t & 9.8 s, it is PH ' P1 ∝ constsin2 θ13 .
The single-transition values of PH at early and late times are thus reduced
by successive powers of ten as sin2 θ13 is increased by factors of ten from
bottom to top in Fig. 5.2. At intermediate times the situation is instead less
obvious. For t ' 3.8–4.2 s, the crossing probabilities P2 and Ps are switched
on in succession, leading to a complex local structure in PH(t) (especially at
small sin2 θ13); in this situation, neutrino matter effects are probing the lower
part of both the rarefaction zone and of the shock front (see Fig. 5.1). In the
interval 4.2 . t . 9.8 s, Ps is always strongly nonadiabatic, P3 is negligible,
while P1,2 play a role only at small sin2 θ13 (being exponentially suppressed
for increasing θ13). For sin2 θ13 = 10−2 (upper panels), only Ps is important
in forming the global PH .

The most complicated cases in Fig. 5.2 thus emerge at “intermediate
times” (i.e., when both the rarefaction zone and the shock front are being
probed) and at “intermediate θ13 mixing” (i.e., when P1,2,3 are moderately
nonadiabatic). In such cases, a decomposition of PH into P1,2,s,3 is necessary
to grasp the main features of PH(t).

PH(t) decomposition

Figure 5.3 shows the decomposition of PH(t) (analytical, unsmeared) into
the four crossing probabilities P1,2,s,3 at E = 45 MeV, for sin2 θ13 = 10−4

(top panel) and sin2 θ13 = 10−5 (bottom panel). The various transition prob-
abilities are switched on and off at the three critical times t ' 3.8, 4.2,
and 9.8 s. In both panels, P3 and P1 dominate at early and late times, re-
spectively. At intermediate times, the structure of PH depends sensitively
[through Eq. (5.11)] upon the specific values of the crossing probabilities
(P1,2) in the rarefaction zone (Ps being almost constant and close to 1). The
results in this figure confirm that variations of θ13 can lead to dramatic vari-
ations in the role of each Pi (and thus of the different parts of the shock
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Figure 5.3: PH(t) in terms of its components P1,2,s,3 at E = 45 MeV, for two represen-
tative values of sin2 θ13.

profile) in building the final crossing probability PH .

5.2.2 Energy domain

In this Section we study in detail the energy dependence of PH at fixed time,
performing the comparison between our numerical and analytical calculation
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of the crossing probability.

Analytical vs numerical calculation of PH(E)

Figure 5.4 shows our calculation of PH(E) at fixed post-bounce time t = 4 s,
for five representative values of sin2 θ13, ranging from 10−2 (top) to 10−6

(bottom). In the left panels, a direct comparison is made between analytical
calculations (solid curves) and Runge-Kutta numerical calculations (dots),
performed at 5 × 103 equally-spaced points in the interval E ∈ [0, 80] MeV.
Both the analytical and the numerical calculations exhibit a complex struc-
ture due to the presence of multiple transitions. In particular, the results
of the numerical calculations appear to be generally scattered around the
analytical curve for the same reason as in Fig. 5.2. In the right panels of
Fig. 5.4, the oscillating structure of the numerical results is averaged out by
a convolution with a Gaussian function (with one-sigma width of ±1 MeV),
which simulates a generic “smearing” process (e.g., experimental energy res-
olution). The same convolution is applied to the analytical results. It can be
seen that there is very good agreement between the two different (numerical
and analytical) approaches after smearing. From these results we conclude
that our simple, analytical calculations summarized in Sec. 5.1 provide the
correct phase-averaged value of PH as a function of both E and t. Therefore,
time-consuming numerical estimates of neutrino transitions along the shock
profile [55, 90] can be accurately replaced by much faster and elementary
calculations. This is one of the main results of our study.

Let us now discuss in more detail the behavior of the analytical PH in
the left panels of Fig. 5.4. We remind that Ps [the crossing probability at the
shock front, Eq. (5.8)] has almost a top-hat behavior: it rapidly drops from
∼ 1 to zero for kH outside the range [V −, V +], i.e., for E outside the range
[5, 40] MeV (for the specific profile used in Fig. 5.4). This behavior depends
only mildly on sin2 θ13 [as far as it is . O(10−2)]. The LZ probabilities P1,2,3

are instead exponentially suppressed as sin2 θ13 increases [see Eq. (5.6)]. In
particular, in the upper panels of Fig. 5.4 (sin2 θ13 = 10−2 and 10−3), PH is
dominated by Ps (with its characteristic top-hat behavior), with very little
contributions from P1,2,3. The dominance of a single crossing amplitude in
PH explains the suppression of the numerical oscillations in the same panels.

Conversely, for sin2 θ13 as small as 10−6 (bottom panel in Fig. 5.4), the
probabilities P1,2,3 (as well as Ps) can all become as large as ∼ 1, rendering
PH ' 1. In particular, for E . 5 MeV, only P1 ' 1 is active (single crossing,
well above the shock front). For 5 . E . 40 MeV, besides Ps ' 1 it is also
P1,2 ' 1 (two crossings in the rarefaction zone). For 40 . E . 53 MeV,
P1,2 are still active, P3 ' 1 is switched on, and Ps drops to zero. Finally, for
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E & 53 MeV, only P3 (level crossing well below the shock front) survives.
In all such cases (characterized by either single or triple crossing with strong
nonadiabatic character) one derives from Eq. (5.11) that PH ' 1.

The intermediate panels in Fig. 5.4, corresponding to sin2 θ13 = 10−4 and
10−5, are not as easily understood as the previous ones, since at least one
of the three probabilities P1,2,3 is definitely < 1. In such cases, PH is better
understood by explicitly separating its components P1,2,s,3.

PH(E) decomposition

Figure 5.5 shows the decomposition of PH(E) (analytical, unsmeared) into
the four crossing probabilities P1,2,s,3 for sin2 θ13 = 10−4 (top panel) and
sin2 θ13 = 10−5 (bottom panel). In both cases, the shock wave profile at
t = 4 s [see Fig. 5.1 (upper panel)] is assumed. The various transition
probabilities are switched on and off at the three critical energies (E ' 5,
40, and 53 MeV) associated to such profile, as previously discussed.

In the upper panel of Fig. 5.5, the higher value of sin2 θ13 leads to an
overall decrease of P1,2,3, particularly for the second transition (P2 ∼ 0),
while Ps remains strongly nonadiabatic. Therefore, the behavior of PH is
not obvious, except at very low energy (where only P1 > 0) or at very high
energy (where only P3 > 0). We can only say that the smallness of P2 implies
that the outer part of the rarefaction zone (just behind the shock front) are
not relevant in this case.

In the bottom panel of Fig. 5.5, both P1 and P3 are strongly nonadia-
batic (∼1), and thus PH = P1 ∼ 1 and PH = P3 ∼ 1 in the single-transition
regimes at low and high energy, respectively. At intermediate energies both
Ps and P2 are nonzero, but the nonadiabatic character of P2 is less pro-
nounced, since at x2 (outer part of the rarefaction zone), the density gradient
is smaller [and the scale factor in Eq. (5.7) is larger] than at x1 or x3—at
least in our simplified description of the density profile. Therefore, in the
intermediate regime 5 . E . 40 MeV, the strong nonadiabaticity of P1 and
Ps implies PH ∼ P2 through Eq. (5.11). In summary, in the bottom panel of
Fig. 5.5, the overall crossing probability PH initially takes the value P1, then
P2, and eventually P3, as the energy increases and passes through its critical
values. All relevant parts of the density profile (static profile, shock front,
and both sides of the rarefaction zone) can thus contribute to the PH energy
profile.

Summarizing, variations of sin2 θ13 for fixed density profile can modu-
late significantly the P1,2,3 contributions to the crossing probability PH . The
contribution of Ps remains instead stable and strongly nonadiabatic. As a
consequence, different parts of the neutrino profile can play leading or sub-
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Figure 5.4: Comparison of numerical and analytical calculations of the crossing prob-
ability PH(E) (dots and solid curves, respectively) at t = 4 s and for five representative
values of sin2 θ13. In the right panels, phase effects are energy-averaged.

leading roles, according to the chosen value of θ13. When θ13 will be known,
one shall be able to gauge the relative importance of such contributions, and
to determine which parts of the shock profile should be most intensively stud-
ied. In the meantime, all parts of the shock profile should be considered as
potentially important and worth further study.
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Figure 5.5: PH(E) in terms of its components P1,2,s,3 at t = 4 s, for two representative
values of sin2 θ13.

5.3 Crossing probabilites for forward and re-

verse shock waves

In Figures 5.6 and 5.7 we compare the analytical calculations of PH in the
presence of forward and forward-plus-reverse shock waves.
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Figure 5.6: Crossing probability PH as a function of time, at relatively high neutrino
energy (E = 45 MeV). Left panels: case with forward shock only. Right panels: case
with forward plus reverse shock. From top to bottom, the mixing parameter sin2 θ13 takes
the values 10−2, 10−3, 10−4, and 10−5. The function PH (t) changes rapidly at the times
indicated by dotted vertical lines, i.e., when the static profile is first perturbed by the
forward shock front (followed by the reverse shock front in the right panels) and then by
the rarefaction zone. Notice how the reverse shock partially “undoes” the PH variation
induced by the forward shock.
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Figure 5.7: Crossing probability PH as a function of energy, at t = 4 s. Left panels: case
with forward shock only. Right panels: case with forward plus reverse shock. From top
to bottom, the mixing parameter sin2 θ13 takes the values 10−2, 10−3, 10−4, and 10−5.
The function PH(E) changes rapidly at the energies indicated by dotted vertical lines, i.e.,
passing from the top of the rarefaction zone to the forward shock front followed by the
bottom of the rarefaction zone (plus the reverse shock front in the right panels) and then
by the static profile. Notice how the reverse shock partially “undoes” the PH variation
induced by the forward shock.
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In Fig. 5.6 we show the different behaviour as a function of time for four
representative values of sin2 θ13, and for a relatively high neutrino energy
(E = 45 MeV, useful for later purposes). The case of sin2 θ13 . 10−6 (not
shown) is trivial: PH ' 1 for both forward and forward+reverse shock. The
left panels refers to the case with forward shock only, where the strong vari-
ations induced by the passage of the front discontinuity and then by the
rarefaction zone are marked by vertical dotted lines. The effects of the for-
ward shock on PH have been discussed in detail in the previous sections.
The right panels refer to the case with forward plus reverse shock, where
the effects of the reverse shock appear to change dramatically the crossing
probability at intermediate times. Qualitatively, the nonadiabatic transition
at the reverse shock front can partially “undo” the effect of the analogous
transition at the forward shock front; this is particularly evident, e.g., in the
two upper panels. Finally, in Fig. 5.7 we show the different behaviour as a
function of energy for four representative values of sin2 θ13, and for t = 4 s.
In this case the succession of the regions in which the probability changes
abruptly is inverted with respect to Fig. 5.6. Again, we see that the nonadi-
abatic transition at the reverse shock front can partially “undo” the effect of
the analogous transition at the forward shock front. Despite its complexity,
such time and energy dependence might be monitored surprisingly well in
future water-Cherenkov detectors, as we shall discuss in Chapter 7.



Chapter 6

Supernova neutrino detection

In this Chapter we discuss about the detection perspectives for supernova
neutrinos. After a brief overview of the current and planned neutrino ex-
periments (Sec. 6.1), we focus on large water-Cherenkov detectors: Super-
Kamiokande (SK) and future Mton class experiments. We describe the cal-
culation of the observable neutrino events rate in these detectors (Sec. 6.2).
Finally, we show the results of our calculations for the total number of events
expected from the different neutrino detection reactions (Sec. 6.3).

The results presented in this and in the two following chapters are mainly
based on the following paper: G. L. Fogli, E. Lisi, A. Mirizzi and D. Mon-
tanino, “Probing supernova shock waves and neutrino flavor transitions in

next-generation water-Cherenkov detectors,” JCAP 0504, 002 (2005).

6.1 Overview of supernova neutrino detec-

tors

Detectors for measuring the neutrino signal from a galactic SN have almost
continuosly been operated since 1980, when the Baksan Scintillator Telescope
(BST) was activated. The neutrinos from SN 1987A in the Large Magellanic
Cloud at a distance of 50 kpc were actually measured in Kamiokande-II (KII),
IMB and BST (a few events each), as shown in Table 6.1.

Today, much larger detectors are available to detect a burst of neutrinos
from a galactic core-collapse. Table 6.2 gives a brief overview of the current
and planned SN neutrino detectors. An extensive review of the ν detection
is given in [145, 146, 147]. Most of these detectors actually have additional
primary purposes other than supernova neutrino detection, e.g., proton de-
cay searches, solar and atmospheric neutrino physics, neutrino oscillation
studies, and searches of astrophysical neutrino sources. From Table 6.2 it
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Table 6.1: Detectors operating during SN 1987A explosion (d = 50 kpc).

Detector Type Mass Location # of events
(kton)

KII H2O Cherenkov 2.14 Japan 11
IMB H2O Cherenkov 6.8 USA 8
BST scintillator 0.28 URSS 5

appears that, among current detectors, the Super-Kamiokande experiment
would observe supernova neutrinos with the highest statistics (∼ 104 events)
and could thus probe the SN explosion mechanism.1

Super-Kamiokande is a cylindrical 50 kton water Cherenkov detector lo-
cated at the Kamioka mine in Japan with a fiducial volume of 22.5 kton. This
experiment has been playing a central role in the field of neutrino oscillation
experiment by observing neutrinos from the sun, from the atmosphere and
from accelerators.

The successful operation and the great scientific impact of SK [148, 149]
have motived several research groups to investigate in detail the feasibility of
larger (Megaton-class) detector [150] for nucleon decay and neutrino physics.
Three main projects are currently being pursued: the Underground nucleon
decay and Neutrino Observatory (UNO) project in the Henderson Mine (Col-
orado, U.S.) [151, 152] (see Fig. 6.1), the Hyper-Kamiokande (HK) project in
the Tochibora mine (Japan) [153], and the MEgaton class PHYSics (MEM-
PHYS) project in the Fréjus site (Europe) [154]. These next-generation
detectors are characterized by a prospective fiducial mass of 0.4 Mton or
higher, which will allow studies of neutrinos of astrophysical or terrestrial
origin with unprecedented statistics and sensitivity [155]. In particular, a
new window would be opened on supernova neutrino physics: by naively
rescaling the detector mass, it turns out that a 0.4 Mton experiment would
observe a SN 1987A-like signal with a statistics ∼ 200 times higher than in
Kamiokande (2.14 kton) [150]. In general, the observation of a large num-
ber of supernova neutrino events will allow statistically significant spectral
analyses in the energy, angular, and time domain. Given the high physics
potential of current and planned water Cherenkov detectors, we confine our-
selves to this class of detectors, and in the next section we shall discuss in

1We stress that, for Amanda and Icecube, the detection tecnique is based on optical
modules sparse in ice, where SN neutrinos can be identified only as time-correlated high
statistics “noise” among all the phototubes.
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Table 6.2: Current and planned supernova neutrino detectors. (adapted
from [146]). The number of events from a galactic SN explosion (d = 10 kpc)
is also shown.

Detector Type Mass Location # of events Status
(kton)

SK H2O Cherenkov 22.5 Japan 104 running
SNO H2O, 1.4 Canada 200 running

D2O 1 300
LVD scintillator 1 Italy 400 running

AMANDA long string 800 pmt Antarctica 105 running
Baksan scint. 0.28 Russia 70 running

Borexino scint. 0.3 Italy 100 in construct.
KamLAND scint. 1 Japan 300 running

OMNIS high Z (Pb/Fe) 10(Fe)+4(Pb) USA 2000 proposed
LAND high Z (Pb) 1 Canada 1000 proposed

ICARUS Argon TPC 3 Italy 2000 in construct.
Hyper-K H2O Ch. 400 Japan 105 proposed

UNO H2O Ch. 400 USA 105 proposed
MEMPHYS H2O Ch. 400 Europe 105 proposed

Icecube long string 4800 pmt Antarctica 106 proposed

more detail the related calculation of the observable neutrino events.

6.2 Detections of supernova neutrinos. Event

rates

In this Section we describe the main aspects and ingredients of our calcu-
lations of supernova neutrino event rates in water Cherenkov detectors. As
we discussed in Sec. 2.2.1, in general, numerical simulations of supernova
explosions provide the unoscillated double differential neutrino distribution
in energy and time,

F 0
ν =

d2Nν

dE dt
, (6.1)

where ν = νe, νe and νx in standard notation [41, 86] (x indicating any
non-electron flavor). For the original neutrino distributions in energy and
time we refer to our reference model, described in Sec. 2.2.3, which is mainly
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Figure 6.1: Conceptual design of UNO, showing the central detector module (40% photo-
cathode coverage) with mass of 0.4 Mton, and the outer wings modules (10% photocathode
coverage).

based on the Lawrence Livermore (LL) simulation for t > 0 (time after
the core bounce) [78], and on the calculation of [89] for t < 0 (during the
Silicon burning pre-supernova phase). Such initial distributions are in general
modified by flavor transitions (see, e.g., [86, 143]),

F 0
ν −→Fν , (6.2)

and must be convoluted with the differential interaction cross section dσ/dEe

for electron or positron production, as well as with the detector resolution
function R, and the efficiency E , in order to finally get observable event rates
[143],

dN(Ee, t)

dEe
=

NT

4πd2

∫ +∞

−∞

dE ′
eR(Ee, E

′
e)E(E ′

e)

∫

dEFν(E, t)
dσ(E ′

e, E)

dE ′
e

, (6.3)

where NT is the number of target particles in the detector fiducial volume,
4πd2 is a geometrical factor in terms of the distance d of the SN from the
Earth, and E ′

e is the true energy of the electron (or positron). In the next
Sections we shall characterize in detail the input choice for each term in
Eq. (6.3). In particular, in Sec. 6.2.1 we discuss the neutrino spectra Fν , by
taking into account the effects of the flavor transitions, and in Sec. 6.2.2 we
describe all the other ingredients of the calculation related to the detectors
properties.
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6.2.1 Neutrino spectra and “critical energy”

The neutrino fluxes at the supernova exit (Fν) are linear combinations of the
initial fluxes (F 0

ν ), with coefficients governed by the crossing probability PH

and by the mixing angle θ12, as well as by the mass spectrum hierarchy, nor-
mal or inverted, (see Chapter 3–5). In particular, for normal mass hierarchy
it is [see Eq. (3.75)]

Fνe
' cos2 θ12F

0
νe

+ sin2 θ12F
0
νx
, (6.4)

Fνe
' sin2 θ12PHF

0
νe

+ (1 − sin2 θ12PH)F 0
νx
, (6.5)

while, for inverted hierarchy,

Fνe
' cos2 θ12PHF

0
νe

+ (1 − cos2 θ12PH)F 0
νx
, (6.6)

Fνe
' sin2 θ12F

0
νe

+ cos2 θ12F
0
νx
. (6.7)

Notice that, for νe, the case of inverted hierarchy with PH = 1 is indistin-
guishable from the case of normal hierarchy; similarly, for νe, the case of
normal hierarchy with PH = 1 is indistinguishable from the case of inverted
hierarchy.

For later purposes, it is useful to introduce the concept of “critical en-
ergy” Ec [143], defined as the energy where the initial νe and νx fluxes are
approximately equal,

F 0
νe

(Ec) ' F 0
νx

(Ec) . (6.8)

At the critical energy, flavor transitions are not effective in the antineutrino
channel, and the νe flux at supernova exit equals the initial one,

Fνe
(Ec) ' F 0

νe
(Ec) (6.9)

for both normal and inverted hierarchy.
In the LL simulation [78], the critical energy is relatively well defined

and stable for t > 2 s (the range relevant for shock-wave effects); in this
time interval, the νe and νx emission rates are comparable, and their average
energies do not vary too much in time (see Fig. 2.3). Within the LL simula-
tion, the critical energy is then approximately defined by the crossing point
of the time-averaged νe and νx spectra in Fig. 2.4, i.e., Ec ∼ 20 MeV. This
energy provides a sort of “no oscillation benchmark”, in comparison with
higher energies (say, E ∼ 40–50 MeV), where F 0

νx
� F 0

νe
(see Fig. 2.4) and

flavor oscillation effects do not cancel. Of course, the next real supernova
explosion might be characterized by a “critical energy” different from this or
other simulations.2 We shall discuss in Sec. 7.1.1 a possible way to circum-
vent our “a priori” ignorance of the real value of Ec, when seeking signatures
of shock-wave effects.

2A remark is in order. The concept of “critical energy” is well defined only if the ν̄e
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6.2.2 Neutrino interactions and detection

In large water-Cherenkov detectors, the interaction processes which can pro-
vide observable supernova neutrino event rates are:

• (i) inverse beta decay

ν̄e + p→ e+ + n , (6.10)

• (ii) (anti)neutrino scattering on oxygen

(−)

νe + 16O → X + e± , (6.11)

where X is the excited nuclear state in the final channel,

• (iii) (anti)neutrino elastic scattering on electrons

(−)

ν+ e− → (−)

ν+ e− . (6.12)

For all the processes (i)–(iii) the outgoing e±, produced when a neutrino
interacts with the water, are detected through their emitted Cherenkov light.
The event energy is reconstructed from the number of photomultipliers that
have been triggered by the Cherenkov light produced in the detector.

For the process (i), we take the differential cross section from [156] (we
recall that the positron energy Epos closely tracks the neutrino energy E).
We stress that in the context of SN neutrinos, the accurate calculation of the
quasielastic cross section in [156] is more adequate than the simple total cross
section [157], σ ' 9.52× 10−43 E2

e cm2, with Ee = Eν − 1.293 MeV. In [156]
it has been shown that this latter low-energy approximation overestimates
the cross section especially at relatively high energy, e.g. for Eν = 40 MeV
the difference between the two cross sections is ∼ 40%.

For the process (ii), we take the total cross section from the table pre-
sented in [158]. The cross section is distributed among different final states
X, notably 16F for νe and 16N for ν̄e, but also two particle states exist, like
ν̄e

16O → Xe+n. We have assumed schematically the same energy distribu-
tion for all νe (ν̄e) channel, so that the final state energy is Ee = Eν−15 MeV
(Epos = Eν̄ − 11 MeV) [158]. However, a cautionary remark is necessary.
An accurate treatment of neutrino-oxygen interactions would require more

and νx energy spectra turn out to have different shapes and thus a crossing energy point,
as is the case for the LL simulation [78] at Ec ' 20 MeV. Recent Garching simulations [82]
predict ν̄e and νx spectrum differences which, although smaller than in the LL case, in
general still allow a meaningful definition of the critical energy.
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refined calculations of the oxygen absorption differential cross sections. In
particular, the assumed strict correspondence between the incoming neutrino
and the outcoming lepton energy might be too schematic, since the outgo-
ing lepton energy distribution could be broad. Further studies in this sense
would be necessary for a more realistic characterization of these processes.
The differential cross sections for the processes in (iii) are well-known (see,
e.g., [92]).

The events from the processes (i)–(iii) might in principle be separated
statistically, thanks to their different angular distributions. In particular,
the elastic scattering events have a clearly distinguishable forward-peak sig-
nature [92]. Moreover, since the angular distribution of e+ from inverse beta
decay is slightly forward peaked (see, e.g., [156]) a statistical separation from
the backward-peaked oxygen absorption events [158] appears quite feasible.
Further studies are needed, however, to make quantitative statements in this
sense.

Regarding the possibility to distinguish event by event the inverse beta
decay signal, it has been recently proposed by Beacom and Vagins [70] to
modify large water Cherenkov detectors by the addition of a small amount
gadolinium trichloride (Gd). Since Gd has an enormous cross section for
radiative neutron capture, with

∑

Eγ = 8 MeV, this would make for the
first time neutrons visible in such detectors, allowing antineutrino tagging
by the coincidence detection reaction ν̄e + p→ e+ + n.

For any interaction process, we fold the differential cross sections for
e± production with the energy resolution function. It is needed to take into
account that an electron with measured energy Ee might have actually a true
energy E ′

e 6= Ee due, e.g., to fluctuations of the signal in the photomultipliers.
In general, the probability of Ee being close to E ′

e has a Gaussian form:

R(Ee, E
′
e) =

1

∆
√

2π
exp

[

−(Ee − E ′
e)

2

2∆2

]

, (6.13)

centered at E ′
e with an energy-dependent width ∆. The value of ∆ is de-

termined by the photocatode coverage. For a coverage comparable to the
current one in Super-Kamiokande II (∼ 20% of the area [159]), as envisaged
also in typical Mton-class projects [155], we derive from the information in
[159] that

∆/MeV ' 0.6
√

E/MeV . (6.14)

We apply a sharp cut to events with measured e± energy below a threshold
value Ethresh. We also adopt the conservative value Ethresh = 7 MeV from
[154]. The detection efficiency ε, that an electron will trigger a photomulti-
plier, is assumed to be 1 above threshold.
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Figure 6.2: Effective neutrino interaction cross sections as a function of energy, including
energy resolution and threshold effects. See the text for details.

Figure 6.2 shows the effective cross sections as a function of neutrino
energy for the various processes discussed before, including resolution and
threshold effects. Notice that, by adding Gd [70], the neutron capture signa-
ture allows to detect sub-threshold inverse beta decay events.

Finally, the number of scatterings for each detection reaction depends on
the number of target particles in the fiducial volume, given by

NT = ns ×
Mdet

mH2O

×NA , (6.15)

where ns is the number of scatterers per molecule of water [ns = 2, 1, 10 for
the processes (i), (ii), (iii) respectively], Mdet is the mass of water in the
detector, mH2O = 18 g is the molar mass of water, and NA is Avogadro’s
number.

6.3 Total number of events

Figure 6.3 shows the total number of events expected in a 0.4 Mton detector
for various interaction processes, as a function of the supernova distance in
kpc. For the sake of comparison, the vertical axis on the right refers to the
number of events for a SK-like volume of 22.5 kton.



70 Supernova neutrino detection

Figure 6.3: Number of events expected in 0.4 Mton detector (left y-axis) or in a SK-
like detector (right y-axis) as a function of the supernova distance, for various interaction
channels. See the text for details.
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Relatively close stars which might evolve into core-collapse supernovae at
unpredictable future times include Betelgeuse, Mira Ceti, and Antares. For
close galaxies [160], the rate of core-collapse supernovae may be inferred from
their luminosity and morphology [161]; representative estimates based on
[160, 161] (to be taken within a factor of two) are reported in the upper part
of the figure for: the galactic center, the Large Magellanic Cloud (LMC), and
the M31+M33 spiral galaxies. Flavor transitions effects are simply accounted
for by varying PH in its full range [0, 1] for both normal and inverted hierarchy
(for a static profile, this is equivalent to vary sin2 θ13 in the currently allowed
range, sin2 θ13 . few%). For each interaction process, the uncertainty due
to our ignorance of the hierarchy and of PH ∈ [0, 1] is accounted for by the
vertical spread of the bands. The relatively different spreads reflect different
sensitivities to neutrino flavor transitions. Let us now discuss the various
classes of events from bottom to top.

Inverse beta decay events from silicon burning phase have very low (sub-
threshold) positron energies, and can only be detected through neutron cap-
ture by adding gadolinium [70], provided that they can be statistically dis-
tinguished from background fluctuations. At a distance of 1 kpc, we estimate
∼ 200 to ∼ 800 Si burning events over about two days. This large variation
is due to the large ratio F 0

νe
: F 0

νx
' 5 : 1 (see Sec. 2.2.3), which implies

Fνe
∼ 0.2–0.8 × F 0

νe
, where the lowest value is obtained for inverted hier-

archy and PH = 0, while the highest value is obtained for either inverted
hierarchy with PH = 1 or for normal hierarchy. The estimated signal rate
of ∼ 100–400 events/day at 1 kpc should be compared with the background
rate from spallation neutrinos (e.g., 1780 events/day at the Kamioka site),
reactor neutrinos (e.g., ∼ 500 events/day at the Kamioka site), and from mi-
nor contributions (natural radioactivity). We have taken such backgrounds
from [70] and rescaled them to a 0.4 Mton mass. Assuming a typical total
background rate of ∼ 2500 ± 50 events per day (statistical errors only), the
silicon burning signal should then be seen with a statistical significance of
2–8 standard deviations at a reference distance of 1 kpc. Unfortunately, at
the galactic center (∼ 10 kpc) the estimated silicon burning signal would
be 100 times smaller and thus unobservable. The detection of these neutri-
nos for very close stars could be important to give a sort of pre-alarm few
days before a SN explosion. This early warning would provide an additional
time which may be crucial for the preparation of all available observational
techniques, and would allow to be ready for the main neutrino burst from
collapse and protoneutron star cooling.

There are better prospects to observe the neutronization burst from a
galactic supernova by means of elastic scattering on electrons, including con-
tributions from all flavors. The contribution of antineutrinos can be ne-
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glected, being suppressed both by the original flux and by the cross section
(see Figs. 2.3 and 6.2). The contribution of non-electron neutrino flavors
can be derived by using Eq. (6.5) or Eq. (6.7) plus the unitarity condition
Fνe

+ Fνµ
+ Fντ

= F 0
νe

+ 2F 0
νx

. In general, the dominant contribution comes
from Fνe

(with Fmax
νe

' F 0
νe

sin2 θ12 either in normal hierarchy with PH = 1 or
in inverted hierarchy), except for the case of normal hierarchy with PH ' 0,
where Fνµ

+ Fντ
' F 0

νe
dominates. Therefore, we expect a signal variation

by a factor ∼ sin2 θ12σνe
/σνx

∼ 2 (where σ is the elastic cross section), due
to our ignorance of the hierarchy and of PH . Indeed, at 10 kpc we estimate
from ∼ 12 to ∼ 22 events during the time interval of the neutronization peak
(t ∈ [42, 47] ms in the SN simulation, see Fig. 2.3). The smallness of this
time interval and the forward-peak signature of elastic events make this event
sample basically background-free. In conclusion, a 0.4 Mton detector might
observe the neutronization signal from a galactic supernova with a typical
statistical significance of 3.5–4.7 standard deviations, assuming the emission
model in Fig. 2.3. At the distance of the Large Magellanic Cloud, however,
the sensitivity drops dramatically [O(1) event, see Fig. 6.3]. The detection
of the neutronization burst could allow to extract crucial information on SN
neutrinos. In [162] it has been shown that exploiting the time-structure of
the neutronization peak in a Mton detector allows one to identify the case of
a normal mass hierarchy and large mixing angle θ13, where the peak is absent
[See Eq. (6.5)]. Moreover, a possible appeareance of the sharp neutronization
peak in the ν̄e channel would be a signal of nonstandard νe → ν̄e transitions,
due to non-radiative neutrino decays [163] or to resonant spin-flavor transi-
tions [164].

Let us now consider the (total) contributions from elastic scattering, ab-
sorption on oxygen, and inverse beta decay, integrated over the time interval
t ∈ [0, 14] s. For elastic scattering, the slanted band in Fig. 6.3 is char-
acterized by the smallest vertical spread, since the contributions from all
flavors tend to partly cancel flavor transition effects. In a sense, the elas-
tic scattering event sample (∼ 4 × 103 events at 10 kpc, easily separable
through forward-direction cuts) could be used as a reference value to esti-
mate the original, unoscillated neutrino flux. The forward directionality of
ν-e-scattering in a water Cherenkov detector can give an useful tool to lo-
cate a galactic SN several hours before the optical explosion through the
MeV-neutrino burst [92, 165, 166]. In [166], the accuracy of the direction
determination was estimated to be about 9◦ using expected event data at
Super-Kamiokande. Much better accuracy, about 0.6◦, is expected in a Mton
detector [92]. This opportunity would be helpful especially in the case that
the SN is optically obscured.

The cross section for νe and νe absorption on oxygen becomes rapidly
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larger than the elastic scattering cross sections above ∼ 20 MeV (see Fig. 6.2),
where the adopted energy spectra are still sizeable. At d = 10 kpc, we obtain
about 1.1 × 104 events (±20% uncertainty from ignorance of the hierarchy
and of PH), with a significant contribution from νe. If the case of normal
hierarchy, the νe contribution might provide a handle to flavor transitions
not observable in the “canonical” νe channel (inverse beta decay), as we
shall discuss in the context of shock-wave signatures.

Finally, the inverse beta decay channel will provide, in general, such a
large statistics in a 0.4 Mton Cherenkov detector (∼ 2 × 105 events at 10
kpc) that a handful of events might be seen even at a distance as large as
∼ 1 Mpc. To this extent, the patient accumulation of data on an event-by-
event basis from SN in nearby galaxies (up to 10 Mpc) has been recently
proposed in [167] to study the average supernova neutrino spectrum.



Chapter 7

Probing supernova shock waves

and neutrino flavor transitions

in Megaton Cherenkov

detectors

In this Chapter we aim at studying some time dependent and independent
observables related to a galactic core collapse supernova (d = 10 kpc), as-
suming a prospective 0.4 Mton fiducial mass water-Cherenkov detector. In
particular, we investigate the effects of the supernova shock propagation on
the observable neutrino signal. We analyze the imprint of the shock wave on
both time and energy spectra of inverse beta decay events, and show that
the ratio between the number of events in two suitably chosen energy ranges
can actually monitor the time dependence of the neutrino crossing proba-
bility PH , thus opening a unique opportunity to study shock-induced flavor
transitions in “real time” (Sec. 7.1). Moreover, we also study the shock-wave
imprint on the time spectra of events coming from scattering of neutrinos
on oxygen and on electrons. We point out that the shock wave produces a
characteristic distorsion of the oxygen event spectra in time domain. The
elastic scattering spectrum is instead rather insensitive to the shock-wave
propagation and might be thus used to track the overall decrease of neu-
trino luminosity (Sec. 7.2). Finally, we discuss also about the detectability
of Earth matter effects in a 0.4 Mton detector, which could give an additional
handle in determining the neutrino mixing angle θ13 and the mass hierarchy
(Sec. 7.3).
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7.1 Events spectra form inverse beta decay

In this Section we characterize the events spectra produced in a 0.4 Mton
by inverse beta decay. We describe the absolute time spectra (Sec. 7.1.1)
and we show that appropriate low-to-high energy ratio of time spectra could
monitor shock-waves propagation (Sec. 7.1.2). Finally, we discuss about the
energy spectra and the possible signatures of the shock waves (Sec. 7.1.3).

7.1.1 Absolute time spectra from inverse beta decay

Inverse beta decay events can be sensitive to shock-wave effects on PH only
in the case of inverted hierarchy [see Eqs. (6.4) and (6.6)]. However, inverted
hierarchy is a necessary but not sufficient condition. For νe’s with E ∼ Ec,
where Ec is the critical energy introduced in Sec. 6.2.1 (Ec ' 20 MeV for
the our adopted emission model), flavor transition effects, including matter
effects along the shock profile, will be largely cancelled. No such cancellation
is expected, however, at higher energy (say, 45 MeV). Therefore, it makes
sense to compare the expected time spectra of events generated by neutrinos
of relatively “low” energy (E ∼ Ec ∼ 20 MeV) and relatively “high” energy
(E ∼ EH ∼ 45 MeV) for both normal and inverted hierarchy, with and
without shock in the latter case.

Figures 7.1 and 7.2 show absolute time spectra of events for the cases
of forward shock only and of forward plus reverse shock, respectively, for
four representative values of sin2 θ13 ranging from 10−2 (upper panel) to 10−5

(lower panel). In both Figs. 7.1 and 7.2, the left (right) panels represent
the time evolution of the number of events within the positron energy bin
Epos = 20 ± 5 MeV, (Epos = 45 ± 5 MeV) for the cases of normal hierarchy,
inverted hierarchy with static profile, and inverted hierarchy with dynamical
shock profile. The number of events in the bin Epos = 45±5 MeV is generally
smaller than for 20± 5 MeV. The time spectra in the bin Epos = 45± 5 MeV
show strong signatures of shock-wave effects for inverted hierarchy, in the
form of non-monotonic time variations of the event rate, especially at rela-
tively high values of sin2 θ13 and in the case of forward plus reverse shock.
The amplitude of such variations is approximately contained within the two
extreme cases of inverted hierarchy with no shock and of normal hierar-
chy. Conversely, the shock-induced time variations in the bin Epos = 20 ± 5
MeV are significantly smaller, and could be hardly characterized a priori as
non-monotonic. This feature can provide a sort of “postdiction” of the crit-
ical energy Ec, should real shock-wave effects be seen in a future supernova
explosion: Ec could be identified as the energy where nonmonotonic time
variations of the observed ν̄e signal are most suppressed (as compared with
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Figure 7.1: Absolute time spectra of events from inverse beta decay in a 0.4 Mton detec-
tor, in the presence of forward shock only, for four representative values of sin2 θ13. The
solid, dashed, and dotted histograms refer to calculations in inverted hierarchy with shock
effects, inverted hierarchy with a static density profile, and normal hierarchy, respectively.
In each panel, the left (right) panels refer to the energy bin Epos = 20 ± 5 (45 ± 5) MeV.

variations at higher energies). This empirical definition of Ec is sufficient for
our purposes and, in any case, cannot be made more precise, both because Ec

may fluctuate with time and because the detector energy resolution function
has a nonnegligible width. Finally, we observe that the high number of events
in each time bin of Figs. 7.1 and 7.2 excludes that the spectral variations (or
their absence) can be obscured by statistical fluctuations.
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Figure 7.2: As in Fig. 7.1, but for the case of forward plus reverse shock.

We stress that the detection of this non-monotonic distinctive pattern in
time spectra would give a very high reward. Infact, at the same time it would:
(i) provide a snapshot (if not a “movie”) of the shock wave propagation; (ii)
prove that the neutrino mass hierarchy is inverted; and (iii) put a significant
lower bound on sin2 θ13. Each of these results would have a dramatic impact
on our understanding of both supernova and neutrino properties.
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7.1.2 Low-to-high energy ratio of time spectra

The results discussed in the previous section suggest that the signatures of
shock wave effects can be enhanced by comparing time spectra at the critical
energy Ec, where, one has by construction

Fνe
(Ec, t) ∼ F 0

νe
(Ec, t) ∼ F 0

νx
(Ec, t) (7.1)

at any t [see Eqs. (6.8) and (6.9)], with time spectra at significantly higher
energy EH , where one expects F 0

νe
� F 0

νx
(see Figs. 2.3 and 2.4) and thus

Fνe
(EH , t) ' sin2 θ12F

0
νx

(EH , t) (7.2)

for normal hierarchy [Eq. (6.4)] and

Fνe
(EH , t) ' [1 − cos2 θ12PH(E, t)]F 0

νx
(EH , t) (7.3)

for inverted hierarchy [Eq. (6.5)]. It is convenient to choose EH so that the
flux reduction from Ec to EH [F 0

νx
(EH)/F 0

νx
(Ec) � 1] is roughly compensated

by the increase of the inverse beta decay cross section [σ(EH) � σ(Ec)],

F 0
νx

(Ec)

F 0
νx

(EH)

σ(Ec)

σ(EH)
∼ 1 . (7.4)

With such choice for EH , one can derive from the previous equations the
following approximate ratio of inverse beta decay events at Ec and EH :

N(Ec, t)

N(EH , t)
∼ 1

sin2 θ12
(7.5)

for normal hierarchy and

N(Ec, t)

N(EH , t)
∼ 1

1 − cos2 θ12PH(EH , t)
(7.6)

for inverted hierarchy.
For our adopted emission model, the condition in Eq. (7.4) is fulfilled at

EH ∼ 45 MeV, which explains a posteriori our choice for the “high” energy
bin in the previous figures. Other choices for EH around 45 MeV would
simply provide an overall factor on the right hand side of Eqs. (7.5) and
(7.6), with no substantial change in the following discussion.

Figure 7.3 shows the ratio of events in the 20 ± 5 MeV bin with re-
spect to events in the 45 ± 5 MeV bin, as compared with the function
[1− cos2 θ12PH(EH , t)]

−1. Notice that this function has the same qualitative
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Figure 7.3: Time dependence of the ratio of events between the energy bins Epos = 20±5
MeV and Epos = 45±5 MeV (right), compared with the function [1−cos2 θ12PH(EH , t)]−1

with EH = 45 MeV (right). It appears that, for inverted hierarchy, the event ratio on the
right tracks rather well the function structures on the left (up to smearing effects), thus
providing a “shock wave monitor” in real time.

behavior as PH(EH , t) itself (see Fig. 5.6). It can be seen that, in inverted
hierarchy, shock effects are faithfully monitored by the chosen ratio of events,
i.e., there is a striking correspondence (even in absolute values, within a fac-
tor of 2 or better) between the solid histograms on the right and the solid
curves on the left in Fig. 7.3, up to smearing effects due to the detector reso-
lution. For inverted hierarchy with no shock (dashed curves and histograms)
there is also a reasonable correspondence of the event ratio on the right with
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Figure 7.4: As in Fig. 7.3, but for the case of forward+reverse shock.

the constant value on the left. For normal hierarchy, as expected, any infor-
mation on PH is lost. Therefore, in the case of inverted hierarchy, the ratio
of events at “high energy” and “critical energy” appears as a useful tool to
track the main variations (and possibly the absolute value) of the crossing
probability PH , from which one could get precious information about the
density gradient along the shock profile.

Figure 7.4 is analogous to Fig. 7.3, but for the the case of forward plus
reverse shock. Despite the more complex structure of the crossing probabil-
ity function, its behavior is faithfully tracked by the ratio of events shown
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on the right (for inverted hierarchy), except perhaps at the lowest value of
sin2 θ13 shown. In any case, the main spikes and valleys of the function
[1−cos2 θ12PH(EH , t)]

−1 are clearly reproduced by the (20±5)/(45±5) MeV
event ratio, and cannot be mimicked by the very small statistical fluctua-
tions (not shown). Of course, relations in Eqs. (7.4), (7.5), and (7.6) are only
approximated, and this is the reason why, for example, in the case of normal
hierarchy (dotted line in Figs. 7.3 and 7.4) or inverted hierarchy with static
profile and sin2 θ13 = 10−5 (dashed line in the lower right panels of Figs. 7.3
and 7.4) the ratio does not appear constant in time.

Of course, when the next observable supernova will explode, we will not
know a priori the values of Ec and of EH fulfilling Eqs. (7.1) and (7.4). How-
ever, if an imprint of shock waves is seen in the absolute spectra through
nonmonotonic time variations, Ec can be found by seeking the (low) energy
range where such variations are suppressed, as already mentioned. Concern-
ing EH , its ignorance is not crucial to track the qualitative behavior of PH(t):
histograms very similar to those shown in the right panels of Figs. 7.3 and
7.4 would be obtained by using, e.g., the 40 ± 5 MeV or 50 ± 5 MeV bin
instead of 45 ± 5 MeV, up to an overall rescaling of the y-axis (not shown).

7.1.3 Energy spectra from inverse beta decay

Figure 7.5 and 7.6 show positron energy spectra from inverse beta decay for
the cases of forward and forward plus reverse shock, respectively, for the
same representative values of sin2 θ13 used in Figs. 7.1–7.2. In both Figs. 7.5
and 7.6, the left (right) panels represent the spectra within the post-bounce
time bin t = 3 ± 0.25 s, (t = 6 ± 0.25 s) for the cases of normal hierarchy,
inverted hierarchy with static profile, and inverted hierarchy with dynamical
shock profile. The overall decrease of the spectra in the right panels is due to
the decrease of luminosity. The energy spectra show signatures of shock-wave
effects for inverted hierarchy, in the form of time dependent deformations,
especially at relatively high values of sin2 θ13 and in the case of forward shock.
These changes move to higher energies in the bin at t = 6± 0.25 s, following
the propagation of the shock wave. In the case of forward plus reverse shock
the signatures are significantly smaller due to the partial “undo” effect on
the crossing probability induced by the reverse shock, discussed in Sec. 5.3.
The amplitude of the spectral variations is approximately contained within
the two extreme cases of inverted hierarchy with no shock and of normal
hierarchy.

An observable useful to characterize the shock-wave effects on the positron
energy spectra is the first moment of the distibution 〈Epos〉, as suggested in
[90, 91, 143]. In Figure 7.7 we represent the time evolution of 〈Epos〉 in
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Figure 7.5: Energy spectra of events from inverse beta decay in a 0.4 Mton detector, in
the presence of forward shock only, for four representative values of sin2 θ13. The solid,
dashed, and dotted histograms refer to calculations in inverted hierarchy with shock effects,
inverted hierarchy with a static density profile, and normal hierarchy, respectively. In each
panel, the left (right) panels refer to the post-bounce time bin t = 3.0±0.25 (6.0±0.25) s.

the interval 2–14 s for the four representative values of of sin2 θ13 used in
Figs. 7.5–7.6. The imprint of the shock-wave is visible at relatively high
value of sin2 θ13 as a nonmonotonic behaviour of the average energy. Also
the presence of both foward and reverse shock waves could be distinguished
through the peculiar double-dip structure, compared with the one-dip of
forward shock only.
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Figure 7.6: As in Fig. 7.5, but for the case of forward plus reverse shock.

7.2 Time spectra from interactions on oxy-

gen and on electrons

Both νe and νe contribute to oxygen absorption events. Therefore, shock
wave imprints are expected for both inverted and normal hierarchy. Fig-
ure 7.8 shows the time spectra of such events for both normal and in-
verted hierarchy, using either the static or the forward shock-wave profile
for sin2 θ13 = 10−2. It can be seen that, in the presence of the shock, the
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Figure 7.7: Time dependence of 〈Epos〉 in the case of forward and forward plus reverse
shock waves. The solid, dot-dashed, dashed, and dotted histograms refer to calculations
in inverted hierarchy with forward shock effects, forward plus reverse shock, inverted
hierarchy with a static density profile, and normal hierarchy, respectively.

event decrease in time is first steepened and then flattened for both hier-
archies; in the case of inverted hierarchy, there is even a small dip at 9–10
seconds. Therefore, if the time decrease of the event rate is understood from
simulations or from independent experimental information, the identifica-
tion of a steepening+flattening behavior in oxygen events might be taken as
a signal of shock passage (in the absence of alternative explanations).

Independent experimental information on the time decrease of the ν̄ flux
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Figure 7.8: Time spectra of total oxygen absorption events for normal and inverted
hierarchy, and for static and shock profiles (with sin2 θ13 = 10−2).

can be gained through elastic scattering events. Since neutrinos of all flavors
contribute to this sample, partial cancellation of oscillation effects occurs,
as remarked in Sec. 6.3 for the total rate in this class of events. Figure 7.9
shows that the partial cancellation persists also in the time spectra, i.e., there
are no large variations between normal and inverted hierarchy and with or
without crossing probability effects (sin2 θ13 = 10−2 or 0). Therefore, the
elastic scattering sample is expected to track the overall decrease of flux
in time, rather independently of flavor transition effects. This “standard
candle” will be useful for comparison with the oxygen and inverse beta decay
sample, where shock-wave effects can instead range from moderate to strong.

In the case of oxygen and electron reactions, the energy spectra (not
shown) are less useful in giving information on the shock-wave effects, since
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Figure 7.9: Time spectra of total elastic scattering events in normal and inverted hier-
archy (with forward shock profile), for sin2 θ13 = 10−2 and 0.

the lower statistics does not allow a so accurate reconstruction of the tem-
poral deformations.

7.3 Detection of Earth matter effects

As discussed in Sec. 3.5, significant modifications of the SN neutrino spec-
tra can take place if the neutrinos travel through the Earth matter before
reaching the detectors. The (non)observation of the Earth effect will give
further information on neutrino parameters and mass hierarchy. In presence
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of Earth matter crossing, the neutrino fluxes for normal mass hierarchy are

Fνe
' (1 − PE)F 0

νe
+ PEF

0
νx
, (7.7)

Fνe
' PEPHF

0
νe

+ (1 − PEPH)F 0
νx
, (7.8)

while, for inverted hierarchy,

Fνe
' (1 − PE)PHF

0
νe

+ [1 − (1 − PE)PH ]F 0
νx
, (7.9)

Fνe
' PEF

0
νe

+ (1 − PE)F 0
νx
. (7.10)

where PE = P (νe → ν2) in the Earth (see Sec. 3.5). In the following, for
semplicity, we consider the case of only mantle crossing with PE given by
Eq. (3.82). From Eqs. (7.7)–(7.10) we argue that the presence or absence
of the Earth effect for νe or ν̄e can discriminate value of sin2 θ13 greater or
less than 10−3. For sin2 θ13 & 10−3, up to shock-wave effects, the crossing
probability PH ≈ 0, so that the Earth effect would be visible only for ν̄e

(νe) if the hierarchy is normal (inverted). On the opposite, for small val-
ues of sin2 θ13 . 10−3, PH 6= 0, so that the Earth effect would appear in
both channels. In particular, for sin2 θ13 . 10−5, PH ≈ 1 and the hierarchy
discrimination would no longer be possible.

The shock-wave effects can influence the Earth matter effect. For exam-
ple, for sin2 θ13 ' 10−2 and inverted mass hierarchy, the crossing probability
PH has a “top-hat” structure (see Fig. 5.2) and the signal exhibits the follow-
ing time structure: in the pre-shock phase, no Earth effect is realized in the
ν̄e channel due to the adiabaticity character of the H transition. The effect is
small in the first few seconds of the shock wave propagation: in this interval
the adiabaticity is broken at low energies, where the Earth matter effect is
small (See Fig. 3.4). After ∼ 5− 8 s, the shock wave reaches the high energy
region, where the Earth matter effect is large. So one expects the absence of
the Earth matter effects in the first ∼ 5 s of the neutrino burst, and then its
fast increase with time in the high energy part of the spectrum. This is the
“delayed Earth matter effect”, described in [143]. Being unaffected by the H
transition, the νe spectrum exhibits the Earth matter effects for the whole
duration of the neutrino signal. In contrast, if the mass hierarchy is normal,
the Earth matter effect is observed in the antineutrino channel during the
whole burst and it appears in the neutrino channel in the late stage (after
∼ 5 s).

However, in some cases Earth effects may not necessarily represent an
additional handle [143] to study the shock dynamics via neutrinos. In [168]
we have shown that for sin2 θ13 . 10−4, the spectral modulation due to the
shock might be partly hindered, at late times, by the additional modulation
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Figure 7.10: Time-integrated energy spectra of events from inverse beta decay in a
0.4 Mton detector. The dashed line represents the case of Earth mantle crossing (ρ =
4.5 g/cm3) with a pathlength L = 8500 km, while the solid curve corresponds to no Earth
crossing. In both cases we assume a normal mass hierarchy.

generated by Earth effects. In other words, the “wiggles” produced by os-
cillations in the Earth might make it difficult to identify the position of the
genuine, shock-dependent spectral deformations at different times.

Here we focus, on the detection of the Earth effects in a 0.4 Mton detector
in the main ν̄e detection channel. We consider the case of normal hierarchy.
In Figure 7.10 we represent the time-integrated energy spectra of events from
inverse beta decay in a 0.4 Mton detector. The dashed line represents the case
of Earth mantle crossing (ρ = 4.5 g/cm3) with a pathlength L = 8500 km,
while the solid curve corresponds to no Earth crossing. The Earth matter
crossing produces energy-dependent modulations of the spectra visible espe-
cially at high energies. We stress that the energy resolution of a Cherenkov
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Figure 7.11: Difference of events from inverse beta decay with and without Earth mantle
crossing (ρ = 4.5 g/cm3) with a pathlength L = 8500 km. We assume two Cherenkov
detectors with a fiducial mass of 0.4 Mton. The error bars are associated to the statistical
fluctuation in the case of no mantle crossing.

detector [Eq. (6.13)] tends to smear the Earth modulations, and probably
Super-Kamiokande might be too small to see these effects. The scintillators
have a better resolution than the Cherenkov detectors, so that also the pro-
posed 50 kton scintillation detector LENA [169] might have chance to detect
Earth matter signatures [170].

Useful strategies to identify the Earth matter effects in current and planned
detectors have been discussed in [41, 44, 52, 170, 171, 172]. A method to iden-
tify the spectral modulations, like the ones in Fig. 7.10, has been proposed
in [170]. The basic idea is to Fourier transform the “inverse-energy” spectrum
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of the signal. Since the spectral modulations come from the factor

sin2

[

δm2 L
√

(cos 2θ12 − V/kL)2 + sin2 2θ12

4E

]

, (7.11)

in Eq. (3.80), the Earth effect will have a clear peak in the power spectrum if
it is transformed with respect to E−1. The position of the peak is determined
by δm2, by the density of the region in which neutrino propagate and by the
pathlength, whereas it is not affected by the primary neutrino spectra. This
peak would be visibile in a 0.4 Mton detector [170].

Another strategy to detect the Earth effect is based on the comparison of
the neutrino fluxes at two detectors if one of them sees the SN “shadowed” by
the Earth and the other not. In [172] it is considered the possibility to detect
the Earth effect comparing the signal in Hyper-Kamiokande (in Japan) and
in Icecube (at South Pole). These two detectors would be geographically
complementary in that about 70 % of the sky would be seen directly in one
detector and shadowed by the Earth in the other.

In Fig. 7.11, as an illustrative example, we compare the signal in two
Cherenkov detectors with 0.4 Mton fiducial mass, with and without neutrino
Earth crossing. It appears that the difference between the number of events
in the two detectors, proportional to the term in Eq. (7.11), would be clearly
identified with respect to the statistical fluctuations of the signal (shown as
the error bars of the number of events without Earth crossing).



Chapter 8

Supernova Relic Neutrinos:

Flavor Transitions

In this Chapter we study the diffuse supernova neutrino flux coming from
all the past core-collapse SN, the so called Supernova Relic Neutrino (SRN)
background. In Sec. 8.1 we discuss the theory and the phenomenology of such
signal. In Sec. 8.2 we present the calculation of the SRN fluxes, taking into
account the effects of the flavor transitions. Finally, in Sec. 8.3 we discuss
the detectability of SRN events in a future large Cherenkov detector.

8.1 Supernova relic neutrinos

A galactic Supernova explosion will be a spectacular source of neutrino events
in current and planned detectors, so that a variety of neutrino and SN prop-
erties could be determined, as discussed in Chapter 6-7. However, only one
such explosion is expected in 20 to 100 years [173].

Alternatively, it has been suggested that we might detect the cumulative
neutrino flux from all the past SN in the Universe [174, 175, 176, 177], the
so called Supernova Relic Neutrino (SRN) flux. In particular, there is an
energy window around 20-40 MeV where the SRN signal can emerge above
other sources, so that current and planned detectors may measure this flux
after long exposure times [66, 176, 178, 179, 180].

The SRN signal, altough weak, is not only “guaranteed”, but can also
probe different physics from a galactic SN, including processes which occurr
on cosmological scales in time or space. This makes them complementary
to electromagnetic radiation which is much easier to detect, but also much
easier to be absorbed or scattered on its way.

For instance, the SRN signal is sensitive to the evolution of the SN rate,



92 Supernova Relic Neutrinos: Flavor Transitions

which is closely related to the star formation rate [181, 182]. Additionally,
neutrino decay scenarios with cosmological lifetimes could be analysed and
constrained [183], as proposed in [184] and discussed in Chapter 9.

There has been a considerable amount of literature on SRN flux models
and predictions, going as far as suggesting that SRN might have already
been detected [185]. Two experiments have reported upper bounds on SRN
flux: the Kamiokande Collaboration in 1988, obtaining an upper limit of 226
ν̄e cm−2 s−1 for Eν > 19.3 MeV [186], and, recently, the Super-Kamiokande
(SK) Collaboration, which reported an upper limit of 1.2 ν̄e cm−2 s−1 in the
same energy region [66]. The latter result has revived interest in SRN, being
close to typical theoretical predictions [67, 68, 69]. SRN detection might
be even closer [187] in view of recent experimental data from the Galaxy
Evolution Explorer (GALEX) mission [188], which suggests an increase of the
estimated star formation rate (SFR) and thus of the theoretically expected
SRN flux [187]. In order to make the SRN detection more likely, a promising
method was proposed by Beacom and Vagins [70]. Their basic idea is to
dissolve gadolinium trichloride (GdCl3) into water Cherenkov detectors. As
discussed in Chapter 6, Gd is a neutron absorber and would allow to identify
ν̄e via inverse beta decay with a coincident neutron detection, thus reducing
backgrounds.

Therefore, we are now at an exciting stage, where SRN could be indeed
detected in few years, and used to probe various astrophysical processes.

8.2 Supernova relic neutrinos flavor transi-

tions

In this Section we consider the case of flavor transitions among three stable
neutrinos. We also define the notation, as well as our default choices and
approximations for several inputs (from cosmology and astrophysics, neutrino
oscillation data, and supernova simulations) needed to compute the SRN
signal.

8.2.1 Input from cosmology and astrophysics

The local (redshift z = 0) number density of ν from all past core-collapse
supernovae, with energy in the interval [E,E + dE], and origin at redshift
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[z, z + dz], is given by

dNν(E) = RSN(z)(1 + z)3 dt

dz
dz

× Yν(E(1 + z))(1 + z)dE(1 + z)−3 (8.1)

= RSN(z)
dt

dz
dzYν(E(1 + z))(1 + z)dE, (8.2)

where RSN(z) is the supernova rate per comoving volume, multiplied by (1+
z)3 to obtain the rate per physical volume at the origin. The factor (1+ z)−3

accounts for the expansion of the universe, and Yν(q) is the average neutrino
yield for a typical supernova [per unit of initial, unredshifted energy q =
E(1 + z)].1 The Friedmann equation gives the relation between t and z,

dz

dt
= −H0(1 + z)[(1 + z)2(1 + ΩMz) − ΩΛz(2 + z)]

1
2 , (8.3)

where ΩM and Ωλ are the matter and dark-energy contributions to the critical
density.

The SRN number density per energy unit is then:

nν(E) =
dNν

dE
=

∫ zmax

0

dz H−1(z)RSN(z)Yν(E(1 + z)) , (8.4)

where we have assumed that gravitational collapses began at the redshift
parameter zmax ' 5 [177]. The parameter H(z) is the Hubble constant at
redshift z which, in standard notation [33] reads [see Eq. (8.3)]

H(z) = H0[(1 + z)2(1 + ΩMz) − ΩΛz(2 + z)]
1
2 . (8.5)

When needed, we shall fix ΩM = 0.3, ΩΛ = 0.7, and H0 = 70 km s−1 Mpc−1,
consistently with recent determinations of cosmological parameters [189].
Since supernova relic neutrinos are ultrarelativistic (v ' c), the above number
density per unit of energy nν(E) can be identified, in natural units (c = 1),
with the local relic ν flux per unit of time, area, and energy.

Concerning the SN rate (RSN), we assume as in [177, 181] that all the
stars with mass M > 8M� explode as core-collapse supernovae. By assuming
the Salpeter power-law mass distribution (the so-called initial mass function

1The yield of a ν species represents the time integrated neutrino spectrum [Eq. (2.3)]
over the emission time, and is equal to the total ν number times the normalized ν energy
spectrum ϕ(E) [Eq. (2.5)]. Since SRN signals are intrinsically time-averaged, we use
directly ν yields Yν throughout this chapter. Expressions for the Yν function are given
explicitly in the next subsection.
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IMF: φ(m) = dn/dm ∝ m−2.35) one obtains then a link between RSN and the
star formation rate RSF,

RSN(z) =

∫ 125M�

8M�
dm φ(m)

∫ 125M�

0
dm m φ(m)

RSF(z) = 0.0122RSF(z)/M� , (8.6)

where 125M� is a conventional cut-off.
A variety of observables are suitable tracers of the SFR, which can be

measured to redshifts as high as z ∼ 6 [190, 191, 192]. In particular, Madau
et al. [193] have investigated the galaxy luminosity density of rest-frame
ultraviolet (UV) radiation up to z ∼ 4, and converted it into the SFR. [The
rest-frame UV light is considered to be a direct tracer of star formation, being
mainly radiated by short-lived massive stars.] After the pioneering study
in [193], a wealth of data have become available from observations using
far-infrared (FIR)/submillimeter dust emission [194, 195] and near-infrared
(NIR) Hα line emission [196, 197, 198, 199], as well as the rest-frame UV
emission from massive stars ([190, 200, 201, 202, 203, 204, 205, 206]).

All these measurement indicate that the star formation rate started around
z ∼ 5, then slowly decreased up to z ∼ 1, and then decreased more rapidly
(by a factor of ten) down to the current rate at z = 0 (these data have
been comprehensively reviewed in [207]). Very recently, new data from the
GALEX ultraviolet satellite [188] and from other experiments [208, 209, 210],
while confirming the basic picture above, tend to increase past estimates of
the SFR, also as a consequence of better understood corrections for light
obscuration by dust.

Hereafter, we adopt the lowest SFR function allowed by the recent (dust-
corrected) GALEX and other data (i.e., the curve labeled as “min AFUV”
in Fig. 5 of [188]), consistently with the “concordance SFR” advocated in
[187]. This model requires that the massive stars produce the observed UV,
optical and IR light, and that the associated SRN flux does not exceed the SK
bound. The associated SFR can be parametrized through a broken power-law
as proposed in [211, 212]:

RSF(z) = R0(1 + z)β for z ≤ 1

= R02
β−α (1 + z)α for z > 1, (8.7)

with R0 ≈ 0.0126 M�yr−1Mpc−3, β = 2.5, and α = 0.5.
Local (z ∼ 0) corrections to Eqs. (8.6)–(8.7) might be needed to account

for explosions of SN within a few Mpc from Earth [167], the explosion rate
possibly being a factor ∼ 3 higher than average. In this context, it has been
proposed in [167] that the detection of neutrinos from nearby galaxies could
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help to fix the contribution of the z ' 0 in the observed SRN signal. For the
sake of simplicity, however, local corrections are here neglected.

8.2.2 Results for supernova relic neutrino fluxes

SN neutrino flavor transitions in SN have been widely discussed in Chapters
3–5. We just remind that, at the exit from the supernova, the yields Yνi

of
neutrino mass eigenstates νi are given by

Yνi
=

∑

α,j

Pij |Um
αj|2 Yνα

(8.8)

(and similarly for antineutrinos), where Um
αj and Yνα

are, respectively, the
mixing matrix elements in matter and the neutrino flavor yields at the neu-
trinosphere.2 The yields are taken from our reference emission model (see
Sec. 2.2.3).

The usual assumption Yνµ
= Yντ

= Yν̄µ
= Yν̄τ

≡ Yνx
implies that the inner

matrix product in Eq. (8.8) depends only on Yνx
, Yνe

for neutrinos (Yνx
, Yν̄e

for antineutrinos), and on the squared mixing matrix elements |Um
ei |2. Such

elements are given by

(|Um
e1 |2, |Um

e2|2, |Um
e3|2) = (cos2 θm

13 cos2 θm
12, cos2 θm

13 sin2 θm
12, sin2 θm

13) , (8.9)

where

cos 2θm
13 ' cos 2θ13 − V/kH

√

(cos 2θ13 − V/kH)2 + sin2 2θ13

' −sign(V )sign(∆m2) , (8.10)

cos 2θm
12 ' cos 2θ12 − V/kL

√

(cos 2θ12 − V/kL)2 + sin2 2θ12
' −sign(V ) , (8.11)

since |V/kH,L| � 1 at the neutrinosphere.
The matrix Pij has (at most) one nontrivial 2× 2 submatrix with indices

(k, l) and off-diagonal entry PH . The final results for the yield of the i-th
mass eigenstate at the exit from the supernova are collected in Table 8.1.

In general, the crossing probability PH depends on the ν potential pro-
file V (x) (see, e.g., Chapter 3 and 5). This dependence vanishes in the

2The explicit calculation of the yield in the mass eigenstate basis at SN exit is relevant
to incorportate possible neutrino decays at SN exit (in vacuum) as we will discuss in
Chapter 9.
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Table 8.1: Relevant mixing matrix elements and supernova neutrino yields in the four
possible 3ν scenarios. The k ↔ l level crossing in the H system (if any) is reported in the
5th column.

Scenario |Um
e1 |2 |Um

e2 |2 |Um
e3 |2 k ↔ l Yield of i-th ν state

Yν1 = Yνx

ν, normal hierarchy 0 0 1 3 ↔ 2 Yν2 = (1 − PH)Yνx
+ PHYνe

Yν3 = PHYνx
+ (1 − PH)Yνe

Yν̄1 = Yν̄e

ν̄, normal hierarchy 1 0 0 — Yν̄2 = Yνx

Yν̄3 = Yνx

Yν1 = Yνx

ν, inverted hierarchy 0 1 0 — Yν2 = Yνe

Yν3 = Yνx

Yν̄1 = (1 − PH)Yνx
+ PHYν̄e

ν̄, inverted hierarchy 0 0 1 3 ↔ 1 Yν̄2 = Yνx

Yν̄3 = PHYνx
+ (1 − PH)Yν̄e

limiting cases of adiabatic transitions (PH ' 0) and of strongly nonadia-
batic transitions (PH ' 1), which correspond roughly to sin2 θ13 � 10−4 and
sin2 θ13 � 10−5, respectively. In our numerical examples, we shall consider
for simplicity only the two limiting cases,3

PH = 0 or 1 . (8.12)

For our purposes, we can also neglect the secondary corrections due to
Earth matter crossing [42, 143] for arrival neutrino directions below the hori-
zon. In this approximation, the number density of SRN in the flavor basis is
simply given by

nνα
(E) =

∑

i

|Uαi|2nνi
(E) , (8.13)

and similarly for antineutrinos. Finally, in the phenomenologically interesting
case of supernova relic ν̄e one gets, up to negligible terms of O(sin2 θ13),

nν̄e
(E) ' cos2 θ12 nν̄1(E) + sin2 θ12 nν̄2(E) . (8.14)

Figure 8.1 shows the absolute supernova relic ν̄e fluxes [Eq. (8.14)], in
units of ν̄e/MeV/cm2/s, as a function of neutrino energy. In the case of

3In general, PH is a function of energy, and possibly of time. However, energy- and
time-dependent effects on SRN signals are relatively small and are not considered in this
context.
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Figure 8.1: Supernova relic ν̄e spectrum. The spectra depend on the mass hierarchy,
which can be either normal (NH) or inverted (IH). In the latter case, there is a further
dependence on the crossing probability PH . The representative cases PH = 0 (“large θ13”)
and PH = 1 (“small θ13”) are shown.

normal hierarchy (solid curves), the ν̄e and spectra do not depend on the
crossing probability PH (see Table 8.1). This case is indistinguishable from
the case of inverted hierarchy with PH = 1 [see Eq. (3.75)]. In both such
cases (NH with any PH , or IH with PH = 1) it is

nν̄e
(E) =

∫ ∞

0

dz H−1(z)RSN(z) [cos2 θ12 Yν̄e
(E(1 + z)) + sin2 θ12Yνx

(E(1 + z))] .

(8.15)
In the case of inverted hierarchy with PH = 0 (dashed curves in Fig. 8.1),
the supernova relic ν̄e spectrum depends only on Yνx

,

nν̄e
(E) =

∫ ∞

0

dz H−1(z)RSN(z)Yνx
(E(1 + z)) , (8.16)

and is thus peaked at somewhat higher energy.
The flux predicted in the energy window of Super-Kamiokande (Eν >

19.3 MeV) is ∼ 0.6 ν̄e cm−2 s−1 in the case of NH (or IH with PH = 1) and
∼ 1.0 ν̄e cm−2 s−1 in the case of IH with PH = 0. Since the upper limit found
by SK is 1.2 ν̄e cm−2 s−1 in the same energy range, it means that the recent
“concordance model” for the RSN brings the estimations of SRN fluxes in



98 Supernova Relic Neutrinos: Flavor Transitions

the proximity of the upper bound of the neutrino data. This result suggests,
once more, that the SRN flux might be on the verge of detection.

A final cautionary remark is in order. One should be aware that the SRN
fluxes from Eqs. (8.4)–(8.13) depend on several assumptions and approxima-
tions, which might require changes as further astrophysical data, estimates
or simulations, are collected. For example there could be large individual
variations in the neutrino yields from one SN to another, due to different
progenitor mass and type, or to different amount of rotation and convection.
Theoretical studies are not systematic enough to really provide corrections
to Eq. (8.4), but they hint towards little variations in the spectral shapes of
the neutrinos, with possible large variations in the luminosity, depending on
the mass of the progenitor star [213].

8.3 Supernova relic neutrinos spectra and

backgrounds in a 0.4 Mton detector

Supernova relic ν̄e’s can produce observable signals (positrons) in a water
Cherenkov detector through the reaction:

ν̄e + p→ n+ e+ . (8.17)

The other interaction processes, described in Sec. 6.2.2, produce a negligible
signal, so that we will neglect them. In the following, we present quantitative
estimates of the SRN signal and backgrounds for a 0.4 Cherenkov Mton de-
tector. Our characterization of the detector has been described in Sec. 6.2.2.
The backgrounds (which refer to the Kamioka site, for definiteness) include
events from solar neutrinos, atmospheric neutrinos, reactor neutrinos, and
muon-induced spallation products. Solar neutrino events can be eliminated
by directional cuts [66]. Spallation from cosmic ray muons is a dominant low-
energy background, and can be removed by setting (in Super-Kamiokande)
Eν = 19.3 MeV as the lower analysis [66]. After applying the spallation
cut and solar direction cut, two so-called “irreducible” backgrounds remain.4

The first is due to atmospheric νe and ν̄e events which, in the SRN energy
range, interact through inverse beta decay (ν̄e) and through absorption on
oxygen (νe and ν̄e). The second comes from atmospheric νµ-induced muons
with a kinetic energy lower than 50 MeV, i.e., below the threshold for emit-
ting Cherenkov photons (“invisible” muons). Decay electrons from invisible

4We stress that the concept of “irreducible” backgrounds, commonly used in this con-
text, is in a certain way inappropriate. Infact, we will discuss possible reductions of these
backgrounds, thanks to the addition of gadolinium.
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muon decays represent background events. Finally, we remind that below the
spallation cut there is another low-energy (E . 10 MeV) irriducible back-
ground due to the ν̄e produced by nuclear reactors. For SK the event rate is
' 30/ days, rescaled from the observed flux in the KamLAND experiment
[214].

A promising method to improve the detections of SRN has been proposed
by Beacom and Vagins [70]. The basic idea is to dissolve gadolinium trichlo-
ride (GdCl3) into the water Cherenkov detectors. As discussed in Chapter
6, Gd is a neutron absorber and would allow to identify ν̄e via inverse beta
decay with a coincident neutron detection. In this case, although the reactor
background cannot be reduced (having the same signature as SRN events),
spallation events can be fully rejected and the analysis threshold can be re-
duced from ∼ 19 MeV to ∼ 10 MeV. Concerning atmospheric neutrinos, it
is estimated that invisible muon events and νe oxygen absorption events can
be reduced by a factor of ∼ 5 with gadolinium, by rejecting events with a
preceding nuclear gamma or without a following neutron [215].

Figure 8.2 shows, in the upper left panel, the absolute relic neutrino spec-
trum expected in the two extreme cases of normal hierarchy and of inverted
hierarchy with PH = 0, the latter being the most favorable in term of event
rates. The abscissa is labelled by the measured positron energy. The vertical
scale gives the number of events in 5 MeV bin of the measured positron en-
ergy, for an exposure of (0.4 Mton)×(4 years); for the sake of clarity, however,
they are shown as continuous curves rather than as binned histograms. In
the upper left panel, we also show the background from invisible muons (with
normalization taken from the SK measurement [66], rescaled to 0.4 Mton),
and the background from low-energy atmospheric νe and νe, which we have
calculated using the recent FLUKA fluxes [216]. The reactor neutrino back-
ground has been estimated on the basis of the spectrum shape in [217] (ap-
propriate to parametrize the high-energy tail of the reactor spectrum), with
total normalization provided by the observed flux in the KamLAND experi-
ment [214]. Finally, a ∼ 20 MeV hard cut to reject spallation events [66] is
also shown. In the upper right panel (as compared to the upper left one) we
assume that inverse beta decay events can be tagged by neutron capture in
gadolinium.

From the comparison of the upper panels in Fig. 8.2 we learn that, even
with gadolinium, the extraction of the SRN signal requires a careful subtrac-
tion of (supposedly known) backgrounds from the total signal. Therefore, it
is important to improve as much as possible the knowledge of both the shape
and the normalization of the background. In all the cases, the shape is partly
controlled by the energy resolution, which must be known very well; in fact,
any increase or uncertainty in the resolution width ∆ (due, e.g., to variation
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Figure 8.2: Supernova relic neutrino signal and background for a hypothetical 0.4 Mton
detector at the Kamioka site, without and with gadolinium (left and right panels, re-
spectively). Upper panels: Energy spectra of the signal and of atmospheric and reactor
neutrino backgrounds. Lower panel: subtracted signal with total statistical errors (for an
exposure of 4 years).

in the phototube coverage) will make some background event “leak” in the
SRN sample, especially from the reactor neutrino sample, characterized by
a steeply falling spectrum. Further studies of atmospheric neutrino fluxes
[216] and of their interactions in oxygen [158] in the low-energy regime will
also be beneficial to the reduce systematic uncertainties in the extraction of
the SRN signal.

If we neglect systematics, the SRN number of event NS (derived from
Ntot = NS +NB, where NB is the estimated number of background events)
is affected by an error ±

√
Ntot. Figure 8.2 shows, in the lower panel, the

prospective values of NS ±
√
Ntot, for the less favorable case of normal hier-

archy. The impact of gadolinium is evident both as a reduction of the error
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bars and as a reduction of the energy threshold for SRN detectability. How-
ever, even without gadolinium, a ∼ 2–3σ SRN signal could emerge after an
exposure of 4 years with 0.4 Mton. The situation would be more favorable
in the case of inverted hierarchy with PH = 0 (not shown in the lower panels
of Fig. 8.2). For comparison, we note that the same statistical significance
would be reached in SK after ∼ 20 years of data–taking.

In conclusion, there are good prospects to reveal a SRN signal with an
exposure of a few years in a 0.4 Mton detector, especially (but not neces-
sarily) with the addition of gadolinium, which could allow detection in the
[10,20] MeV window. If such a large detector is not built, just doubling the
current SK exposure (∼10 years) might be sufficient to observe the first SRN
signal in the energy range ∼[20,30] MeV. Further studies are needed, how-
ever, for a better characterization of the background. In particular, in the
SRN energy range, the tails of the reactor and atmospheric spectra, and of
the energy resolution function, need to be under control to avoid migration
of events.



Chapter 9

Supernova Relic Neutrinos:

Decays

In general, massive neutrinos can not only mix, but also decay (see, e.g., the
reviews in [218, 219, 220]). The safest limit comes from the nonobservation of
decay effects on the solar ν flux. Roughly speaking, this limit can be achieved
by imposing τiE/miL � 1 in the laboratory frame, where τi in the lifetime
(in the rest frame) of a neutrino with mass mi, L and E are the neutrino
pathlength and energy, respectively. For solar neutrinos [L/E ∼ O(107)
km/MeV], this condition leads to the lower bound [71]1

τi
mi

& 5 × 10−4 s/eV . (9.1)

Due to the small distance from the Sun, this limit is relatively weak. There-
fore, the possibility of neutrino decay with longer lifetimes (and coming from
other astrophysical sources) cannot be excluded.

Here we focus on supernova relic neutrinos. Future observations of SRN
can probe decay lifetimes of cosmological interest. In fact, for SRN decay
effects to be observable in our universe, it must be roughly τiE/mi . 1/H0,
where H0 is the Hubble constant. By setting H0 = 70 km s−1 Mpc−1 and
taking E ∼ O(10) MeV (i.e., in the energy range probed by supernova neu-
trinos), a rough upper bound for the “SRN neutrino decay observability” is
obtained, namely

τi
mi

. O(1011) s/eV . (9.2)

The comparison of this bound with the previous solar limit implies that many

1This bound can be improved, for ν → ν̄ decays, by one to two orders of magnitude
(depending on specific scenarios) through the nonobservation of solar νe → ν̄e transitions
in the KamLAND experiment, as recently reported in Ref. [221].
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decades in τi/mi are left open to experimental and theoretical investigations
of SRN.

Motivated by this challenging opportunity, in this Chapter we aim at
showing how to incorporate the effects of both flavor transitions and decays
in observable SRN spectra, by solving the SRN kinetic equations for two-
body non-radiative ν decays.

The plan of this Chapter is as follows. In Section 9.1 we discuss the
general case of 3ν flavor transitions followed by decays, and give the explicit
solution of the neutrino kinetic equations for generic decay parameters. Spe-
cific numerical examples (inspired by neutrino-Majoron decay models) are
given in Section 9.2, in order to show representative SRN event rates and
energy spectra in the presence of decay.

The results shown are mainly based on: G. L. Fogli, E. Lisi, A. Mirizzi and
D. Montanino, “Three-generation flavor transitions and decays of supernova

relic neutrinos,” Phys. Rev. D 70, 013001 (2004).

9.1 Three-neutrino decays: the kinetic equa-

tions

In this Section we discuss and solve the neutrino kinetic equations in the
general case of 3ν flavor transitions plus decay. Notice that, for τi/mi values
above the solar ν bound [Eq. (9.1)], SRN flavor transitions occur in matter
(and become incoherent) well before neutrino decay losses become significant,
so that hypothetical interference effects between the two phenomena can be
neglected. For our purposes, flavor transitions inside the supernova can thus
be taken as decoupled from the subsequent (incoherent) propagation and
decay of mass eigenstates in vacuum.

The yield Yνi
of the i-th mass eigenstate at the surface of the super-

nova can be calculated by taking into account the stellar matter effects on
ν propagation in SN, as described in Sec. 8.2.2. At the exit of SN, νi mass
eigenstates evolve indipendently until they reach the surface of the Earth.
However, in their propagation in vacuum, they may decay. The number den-
sity of mass eigenstates nνi

(E, z) per unit of comoving volume and of energy
at redshift z can be obtained through a direct integration of the neutrino
kinetic equations, as described below.

For ultrarelativistic relic neutrinos νi the kinetic equations take the form
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(See Appendix D for the derivation of these kinetic equations)

[

∂

∂t
−H(t)E

∂

∂E
−H(t)

]

nνi
(E, t) = RSN(t)Yνi

(E) +
∑

mj>mi

qji(E, t)

−Γi
mi

E
nνi

(E, t) . (9.3)

The left-hand side (l.h.s.) of Eq. (9.3) represents the Liouville operator
for ultra-relativistic ν, where H(t) is the Hubble constant at the time t.
The right-hand side (r.h.s.) of Eq. (1) contains two source terms and one
sink term. The first source term quantifies the standard (decay-independent)
emission of νi from core-collapse supernovae, which depends on the supernova
formation rate RSN(t). The second source term, in which

qji(E, t) =

∫ ∞

E

dE ′nνj
(E ′, t)B(νj → νi)Γj

mj

E ′
ψνj→νi

(E ′, E) , (9.4)

quantifies the population increase of νi due to decays from heavier states νj,
with decay width

Γj = τ−1
j =

∑

mi<mj

Γ(νj → νi) + Γ(νj → ν̄i) , (9.5)

branching ratio
B(νj → νi) = Γ(νj → νi)/Γj , (9.6)

and decay energy spectrum

ψνj→νi
(Ej, Ei) = Prob[νj(Ej) → νi(Ei)] (9.7)

(normalized to unity,
∫

dEi ψ(Ej, Ei) = 1). The last (sink) term on the r.h.s.
of Eq. (9.3) represents the loss of νi due to decay to lighter states with width
Γi.

We have shown [184] that these equations can be directly integrated, by
rewriting them in terms of the redshift variable z = z(t) and of a rescaled
energy parameter ε = ε(E, z) [See Appendix D for explicit solutions]. By
replacing back the variable E = ε(1 + z), one obtains the general solution of
the neutrino kinetic equations,

nνi
(E, z) =

1

1 + z

∫ ∞

z

dz′

H(z′)

[

RSN(z′)Yνi

(

E
1 + z′

1 + z

)

+
∑

mj>mi

qji

(

E
1 + z′

1 + z
, z′

)



 e−miΓi[ξ(z′)−ξ(z)](1+z)/E , (9.8)
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where we have introduced the auxiliary function

ξ(z) =

∫ z

0

dz′H−1(z′)(1 + z′)−2 . (9.9)

In practice, these equations can be integrated numerically by following
the decay sequence, i.e., starting from the heaviest state (qji = 0) and ending
at the lightest (stable) state (Γi = 0).

Finally, the ν̄e flux at Earth (redshift z = 0), relevant for the inverse β
decay reaction ν̄e + p → n + e+ in a Cherenkov detector, is given by [see
Eq. (8.14)]

nν̄e
(E) ' cos2 θ12 nν̄1(E, 0) + sin2 θ12 nν̄2(E, 0) . (9.10)

9.2 Application to scenarios inspired by Ma-

joron models

In this Section we apply the general results of Sec. 9.1 to some representative
decay scenarios, inspired by Majoron models. These models have tree-level
scalar or pseudoscalar couplings of the form

L = gij ν̄iνjX + hijν̄iγ5νjX + h.c., (9.11)

where X represents a massless Majoron, which is the Goldstone boson in
models with spontaneous violation of the B − L symmetry of the standard
electroweak model [222]. The Lagrangian in Eq. (9.11) produces nonradiative
(invisible) decays 2 of the kind

νi →
(−)

νj +X , (9.12)

where an heavier neutrino νi decays into a ligher detectable neutrino νj, or
antineutrino ν̄j, plus a Majoron X.

For the coupling specified by Eq. (9.11), the decay rates into neutrino
and antineutrino daughters are given by [225, 226]

Γνi→νj
=

mimj

16πEi

[

g2

(

x

2
+ 2 +

2

x
ln x− 2

x2
− 1

2x3

)

+h2

(

x

2
− 2 +

2

x
ln x+

2

x2
− 1

2x3

)]

, (9.13)

Γνi→ν̄j
=

mimj

16πEi

(

g2 + h2
)

[

x

2
− 2

x
ln x− 1

2x3

]

, (9.14)

2In [184] we have also considered possible radiative two-body neutrino decays, which,
however, are severely constrained (τ/m & O(1020) s/ eV) by the current astrophysical
γ-ray phenomenology [223, 224].
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where x = mi/mj, and we have dropped the subscripts on the coupling
constants. Analogous expressions hold for ν̄ decay, with the replacements
ν ↔ ν̄.

From the two expressions (9.13) and (9.14) it is seen that the decay rate is
dependent on whether the neutrino masses are quasidegenerate (QD) [mi '
mj � mi −mj] or strongly hierarchical (SH) [mi � mj ' 0]. In the case of
SH neutrino masses, we obtain

Γνi→νj
≈ Γνi→ν̄j

≈ (g2 + h2)

32π

m2
i

Ei

. (9.15)

On the other hand, in the case of QD masses, Eqs. (9.13) and (9.14) lead to

Γνi→νj
=

g2

16π

∆m2

4Ei
+ h2 ×O

(

∆m2

m2
i

)3

,

Γνi→νj
=

(g2 + h2)

16π

m2
i

Ei
×O

(

∆m2

m2
i

)3

, (9.16)

implying that Γνi→νj
� Γνi→ν̄j

, unless the coupling constant g is strongly
suppressed compared with h. Therefore, if the neutrino masses are quaside-
generate, the parent neutrinos decay into neutrinos dominantly, while little
into antineutrinos; hierarchical masses allow both decay channels by the same
branching ratio.

In these two phenomenologically interesting cases the branching ratios
and decay spectra become model-independent. In the case of SH masses, the
energy of daughter neutrinos is generally degraded, and its distribution is
given by [225]

ψνi→νj
(Ei, Ej) =

2Ej

E2
i

, ψνi→ν̄j
(Ei, Ej) =

2

Ei

(

1 − Ej

Ei

)

. (9.17)

In the case of QD masses, on the other hand, the daughter neutrino energy is
almost the same as that of parent neutrinos; the energy distribution becomes
a delta function δ(Ei − Ej).

There is a vast literature on neutrino-Majoron decay models (see, e.g.,
[218, 220] and references therein) and related phenomenological constraints
on neutrino-Majoron couplings (see, e.g., [87, 219, 227, 228, 229, 230]). Here,
however, we do not commit ourselves to any specific theoretical model, and
assume that the lifetime-to-mass ratio τ/m is a free parameter [subject only
to the safe constraint in Eq. (9.1), when needed]. We examine and com-
pare a few representative 3ν decay cases, which provide SRN yields higher,
comparable, or lower than for no decay.
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Figure 9.1: Supernova relic ν̄e spectrum (middle panel), and associated positron spec-
trum from ν̄e + p → n + e+ (right panel), for a decay scenario with normal hierarchy and
quasidegenerate masses (left panel, with τ/m and branching ratios assignments).

9.2.1 Three-family decays for normal hierarchy and

quasidegenerate masses

This decay scenario provides SRN densities generally higher than for no de-
cay, as explained in the following. The relevant features of this scenario are
graphically shown in the left panel of Figure 9.1. The QD approximation for-
bids decays of neutrinos into antineutrinos and vice versa. By construction,
the decay scenario considered in this section is thus governed by just one free
parameter (τ/m). Notice that, for τ/m ∼ O(1010) s/eV, SRN decay effects
are expected to occur on a truly cosmological scale. For much larger values
of τ/m, the no-decay case is recovered. For much smaller values of τ/m,
SRN decay is instead complete, all SRN being in the lightest mass eigenstate
ν̄1 at the time of detection.

Figure 9.1 shows the absolute supernova relic ν̄e spectrum, in units of
ν̄e/MeV/cm2/s, and the associated (observable) positron spectrum produced
by inverse beta decay, for the considered decay scenario. In this case, in
analogy with Sec. 8.3, we refer to a 0.4 Mton Cherenokov detector. In the
left panel, the vertical scale gives the number of events in 5 MeV bin of the
measured positron energy, for an exposure of (0.4 Mton)×(4 years); for the
sake of clarity, however, continuous curves are shown rather than 5-MeV bin
histograms.

The energy spectra for complete decay (light solid curves) appear to be a
factor of ∼ 2 higher than for no decay (heavy solid curves). In this case the
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final state is populated by stable ν̄1’s only, coming both from the initial ν̄1

component (Yν̄1 = Yν̄e
) and from fully decayed ν̄2,3’s (Yν̄2 + Yν̄3 = 2Yνx

, see
Table 8.1), with unaltered neutrino energies. The final relic ν̄e density (given
by cos2 θ12 times the final density of ν̄1) is thus obtained by redshifting an
initial yield equal to cos2 θ12Yν̄e

+2 cos2 θ12Yνx
. In the case of no decay for nor-

mal hierarchy, the initial yield is instead given by cos2 θ12 Yν̄e
+sin2 θ12Yνx

[see
Eq. (8.15)]. Therefore, while the Yν̄e

component is the same in the two cases,
the weight of the Yνx

component for complete decay is 2 cos2 θ12 ' 1.37, much
larger than for no decay, where the weight is sin2 θ12 ' 0.31. The stronger
weight of Yνx

for complete decay leads to the increase in normalization, in
the peak energy, and in the width, as shown in Fig. 9.1.

For incomplete neutrino decay (i.e., for τ/m ∼ O(1010) s/eV), one expects
an intermediate situation leading to a SRN flux moderately higher than for
no decay. Figure 9.1 displays the results for a representative case (τ/m =
7 × 1010 s/eV, dotted curves). In conclusion, the decay scenario examined
in this section can lead to an increase of the SRN rate, as compared with
the case of no decay. The enhancement can be as large as a factor ∼ 2, the
larger the more complete is the decay.

9.2.2 Three-family decays for normal hierarchy and

m1 ' 0

This decay scenario provides observable SRN densities generally comparable

to the no-decay case. In this case, the approximation of strong hierarchy
(SH) can be applied to the decays of ν2,3 (and of ν̄2,3). Figure 9.2 shows the
supernova relic ν̄e and positron spectra for this scenario where, as depicted
in the left panel, all decay channels are open. For complete decay, the final
yield of stable ν̄1’s comes both from the initial ν̄1’s and from a complex decay
chain, in which the energy of the daughter neutrino is degraded with respect
to the parent one, as results from Eq. (9.17).

This complex decay chain produces a substantial enhancement of the SRN
energy spectrum at low energy, visible as a “pile-up” of decayed neutrinos
with degraded energy in the middle panel of Fig. 9.2. Moreover, high-energy
tails of the SRN spectra for no decay and for complete decay (heavy and light
solid curves in the middle panel of Fig. 9.2) are accidentally very similar to
each other. Analogously, the case of incomplete decay (e.g., τ/m = 7 ×
1010 s/eV, dotted curves), is appreciably different from the cases of no decay
and of complete decay only at low energy.

In this scenario, the interesting effects of decay are almost completely
confined to low ν̄e energies, and are thus washed out in the observable e+
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Figure 9.2: Supernova relic ν̄e spectrum (middle panel), and associated positron spec-
trum from ν̄e + p → n + e+ (right panel), for a decay scenario with normal hierarchy and
m1 ' 0 (left panel, with τ/m and branching ratios assignments).

spectrum, due to the cross section (∝ E2) enhancement of high-energy fea-
tures. In conclusion, the e+ spectra for the three cases of complete, incom-
plete, and no decay, turn out to be very similar to each other (right panel of
Fig. 9.2), and so in this scanario decay effects cannot easily be distinguished
through future SRN observations.

9.2.3 Three-family decay for inverted hierarchy

We conclude our survey of 3ν decays by discussing a scenario where the
SRN density is generally suppressed , as compared with the case of no decay.
The main features of this scenario are graphically shown in the left panel of
Fig. 9.3. It turns out that only the decay ν̄2 → ν̄1 (where the QD approxi-
mation is applicable) is relevant to SRN observations. In fact, decays to ν̄3

provide a negligible amount of ν̄e’s (∝ sin2 θ13 . 10−2), so that the absolute
value of m3 makes no difference. In the above scenario, the case of complete
decay (τ/m� O(1010) s/eV) is trivial: since the final state is populated only
by ν̄3 (and ν3), the relic density of ν̄e is negligibly small (∝ sin2 θ13). The
nontrivial case of incomplete decay (τ/m ∼ O(1010) s/eV) is then expected
to lead to an intermediate suppression of the SRN density. Figure 9.3 shows
the numerical results for the specific value τ/m = 7×1010 s/eV, in both cases
PH = 1 (solid curves) and PH = 0 (dashed curves). The neutrino spectra
for incomplete decay (light curves) appear to be systematically lower than
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Figure 9.3: Supernova relic ν̄e spectrum (middle panel), and associated positron spec-
trum from ν̄e + p → n+ e+ (right panel), for a decay scenario with inverted hierarchy and
generic m3 (left panel, with τ/m and branching ratios assignments).

the corresponding no-decay spectra (heavy curves), although the difference
is mitigated in the positron spectra (right panel of Fig. 9.3).

In conclusion, in the inverted hierarchy scenario of Fig. 9.3 the SRN signal
is generally suppressed by neutrino decay, and can eventually disappear for
complete decay.

9.2.4 Overview and summary of 3ν decay

We think it useful to show also the behavior of the SRN signal for continu-
ous values of the free parameter τ/m, for the three different decay scenario
discussed above. Figure 9.4 shows the positron event rate integrated in the
energy window Ee+ ∈ [10 , 20] MeV which might become accessible to future,
low-background SRN searches [70], as we discussed in Sec. 8.3. For each sce-
nario, the rate is normalized to the standard expectations for no decay and
normal hierarchy (NH), and is plotted as a function of τ/m. The horizontal
solid line represents the reference case (no decay in NH), which is indistin-
guishable from the case of no decay with inverted hierarchy (IH) and PH = 1
[see Sec. 8.2.2]. The horizontal short-dashed line refers instead to the no-
decay case with IH and PH = 0. For no decay, variations in the hierarchy or
in PH appear to induce relatively small effect, which might be difficult to un-
cover once realistic experimental and theoretical uncertainties are considered
in future SRN observations. Decay effects, however, enlarge dramatically
the possible range of observable positron rates, provided that τ/m is in the
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Figure 9.4: Positron event rates in the energy range [10 , 20] MeV for various decay
scenarios, normalized to standard expectations for normal hierarchy and no decay. No-
tice how the expectations branch out (and then reach the complete decay limit) in the
cosmologically relevant range τ/m . 1011 s/eV.

cosmologically interesting range below O(1011) s/eV [See Eq. (9.2)]. For ν̄ de-
cay in the quasidegenerate NH spectrum (short-dotted curve in Fig. 9.4), the
positron rate rapidly increases for decreasing τ/m, and reaches the “com-
plete decay plateau” already at τ/m ∼ O(109) s/eV, with an asymptotic
enhancement by a factor ∼ 2.2. In the case of IH spectrum (dot-dashed and
and long-dashed curves in Fig. 9.4), conversely, the positron rate vanishes



112 Supernova Relic Neutrinos: Decays

when approaching τ/m ∼ O(109) s/eV, for both cases PH = 1 (dot-dashed)
and PH = 0 (long-dashed). Finally, for the NH spectrum with m1 ' 0 (long-
dotted curve in Fig. 9.4), the positron rate appears to be almost the same as
for no decay, at any value of τ/m.

Summarizing, neutrino decay can modify the reference no-decay predic-
tions for observable positron rates by any factor f in the range ∼ [0 , 2.2],
depending on the particular decay scenario and provided that τ/m is in the
cosmologically interesting range below O(1011) s/eV.

Since the current experimental upper bound on the SRN flux from SK
are very close to no-decay expectations (see, Sec. (8.2.2)), expecially accord-
ing to the “concordance model” [187], future observations are likely to have
an impact on neutrino decay models. If experimental and theoretical un-
certainties can be kept smaller than a factor of two (a nontrivial task), one
should eventually be able to rule out, at least, either the lowermost or the
uppermost values in the range f ∈ [0 , 2.2], i.e., one of the extreme cases of
“complete decay.” Optimistically, one might then try to constrain specific
decay models and lifetime-to-mass ratios through observations.



Chapter 10

New analysis of SN 1987A

neutrinos

After having widely discussed the unprecedented physics potential offered
by next generation water-Cherenkov detectors in characterizing a SN neu-
trino signal (both galactic and diffuse), let us return to the “crime scene”:
the SN 1987A. In this Chapter we present our new analysis of the SN 1987A
neutrino data detected by the Kamiokande II (KII) [56] and Irvine-Michigan-
Brookhaven (IMB) [57] experiments. In Section 10.1 we briefly review pre-
vious analyses of SN 1987A neutrino data and motivate our new approach.
In Section 10.2 we perform a new maximum-likelihood analysis of the data
with allowance for strongly distorted energy spectra, and present our results.

This study has been published in: A. Mirizzi and G. G. Raffelt, “Analysis

of the SN 1987A neutrinos with a flexible spectral shape”, Phys. Rev. D 72,
063001 (2005).

10.1 SN 1987A neutrinos

The neutrino observations of supernova (SN) 1987A [56, 57, 58] have long
been taken as a basic confirmation of our physical understanding of the
core-collapse SN phenomenon. At the same time, a detailed interpreta-
tion [63, 65, 85, 88, 231, 232, 233, 234, 235] of the data is difficult because
of a number of “anomalies” [87]. In particular, the energy spectra observed
by the Kamiokande II (KII) and Irvine-Michigan-Brookhaven (IMB) exper-
iments are barely consistent with each other, the former having an average
energy lower than the latter and also much lower than estimated in typical
numerical simulations.

It has been suggested that the KII and IMB detectors may have ob-
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served different fluxes because the SN 1987A neutrinos have traversed differ-
ent paths in the Earth. However, for 〈Eν̄µ,τ

〉 > 〈Eν̄e
〉, oscillations and matter

effects may also aggravate the tension between observed and expected ν̄e en-
ergies [43, 63, 64]. In this context, it makes sense to compare the KII and
IMB spectra with no (or very few) a priori assumptions.

Previous studies of the SN 1987A neutrinos usually assumed a thermal
spectrum, and extracted both 〈Eν̄e

〉 and the overall flux from the individual
detector signals or from a combined analysis. One exception is the analysis of
Janka and Hillebrandt [88] who assumed an effective Fermi-Dirac distribution
of the form

ϕ(E) ∝ E2

eE/T−η + 1
, (10.1)

where T is an effective temperature and η a degeneracy parameter. In their
maximum-likelihood analysis they allowed only for positive values of η. With
this prior they found a best-fit value of η = 0 for both the KII and IMB
data sets, suggesting that the data prefer the broadest allowed distribution
compatible with the prior range for η. However, even allowing for negative
values for η would not have changed these results, because for η → −∞ one
recovers a Maxwell-Boltzmann spectrum, differing only marginally from the
Fermi-Dirac case with η = 0.

The main purpose of our new approach is to investigate whether better
internal agreement of the SN 1987A data among themselves and with theoret-
ical expectations can be achieved with a more “flexible” spectral shape. Nu-
merical studies of neutrino transport suggest that the instantaneous spectra
are “pinched,” i.e. that they are narrower than a thermal spectrum [81, 88]. A
pinched spectrum can be represented by a Fermi-Dirac distribution with pos-
itive η. However, the SN 1987A data measure the time-integrated spectrum,
i.e. a superposition of instantaneous spectra with varying average energies.
Therefore, the integrated spectrum may well be broader, not narrower, than
a thermal spectrum, i.e. it may well be anti-pinched.

If the time-integrated spectrum is quasi-thermal (in the sense that it
is unimodal with a long tail to high energies) then an appropriate two-
parameter representation is the one described in Eq. (2.5) [81], and used
throughout this thesis:

ϕ(E) =
1

E0

(α+ 1)(α+1)

Γ(α + 1)

(

E

E0

)α

exp

[

−(α + 1)
E

E0

]

, (10.2)

where E0 is an energy scale with the property 〈E〉 = E0. The numerical
parameter α controls the width of the distribution,

〈E2〉 − 〈E〉2
〈E〉2 =

1

1 + α
. (10.3)
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Figure 10.1: Positron spectra detected at KII (upper panel) and IMB (lower panel) in
connection with SN 1987A. We also show the energies of the individual events together
with their experimental errors.

We remind that α = 2 corresponds to a Maxwell-Boltzmann spectrum, α > 2
to a pinched spectrum with suppressed high- and low-energy tails, and α < 2
to an anti-pinched spectrum. For α → ∞ the spectrum becomes δ(E −E0).

10.2 Maximum-Likelihood Analysis

10.2.1 SN 1987A Data

We limit our analysis to the SN 1987A data of the KII [56] and IMB [57]
detectors that measure SN neutrinos almost exclusively by the inverse beta
reaction ν̄e+p→ n+e+. We show the measured positron spectra in Fig. 10.1,
where we have left out the KII event No. 6 that is attributed to background.
In Table 10.1 we summarize the properties of the neutrino signal in the
two detectors. We do not include the Baksan Scintillator Telescope (BST)
data [58] which have a large and uncertain background, we do not use the
time structure of the neutrino burst [85, 235], and we limit our study to the
time-integrated flux.
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Table 10.1: Number of SN 1987A events and average positron energies at the
KII and IMB detectors.

Detector Nevents 〈Ee+〉 [MeV]
KII 11 15.4 ± 1.1
IMB 8 31.9 ± 2.3

Figure 10.2: Contours of constant likelihood that correspond to 68.3%, 95% and 99%
C.L. in the plane E0-Etot for an assumed Maxwell-Boltzmann ν̄e spectrum, corresponding
to α = 2 in Eq. (10.2). The dotted lines refer to the KII and IMB signals, respectively,
whereas the solid lines represent a joint analyis.

10.2.2 Maxwell-Boltzmann Spectrum

We perform a maximum-likelihood analysis of the SN 1987A signal along
the lines of the previous literature such as Ref. [63] (See Appendix E for the
derivation of the likelihood function). We use the cross section for ν̄e + p→
n+ e+ as in [156] and use the detectors efficiencies as given in [236].

For comparison with the previous literature, we first consider a Maxwell-
Boltzmann ν̄e spectrum [α = 2 in Eq. (10.2)] and fit the average ν̄e energy E0

and the total energy Etot emitted by SN 1987A in the form of ν̄e. [Of course,
these parameters refer to the spectrum measured in the detectors after the
partial flavor swapping caused by neutrino oscillations]. Our results, shown in
Fig. 10.2, agree with the previous literature [see, e.g., [63]] and illustrate once
more the tension between the average energies implied by the two detectors.
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Table 10.2: Best-fit values for Etot in 1052 erg, E0 in MeV, and α based on
the indicated data sets. The expected detector signals are given in the last
two pairs of columns.

Best-fit param’s KII IMB
Data Set Etot E0 α Nevents 〈Ee+〉 Nevents 〈Ee+〉
KII 17.4 3.7 0.0 10.9 15.3 1.3 27.5
IMB 1.1 30.6 60.0 6.6 30.3 7.9 31.4
Joint 10.1 5.4 0.0 14.1 19.2 4.9 32.0

10.2.3 General Spectrum

Next we use a general spectrum of the form Eq. (10.2) with E0, Etot, and
α as our fit parameters with a prior α ≥ 0. We show the best-fit values for
these parameters as well as the implied event numbers and average positron
energies in the detectors in Table 10.2. This analysis is performed for each
detector separately, as well as for the joint case.

The IMB data prefer a very large value for α, i.e. essentially a δ func-
tion. This behavior is not surprising, since 5 of the 8 IMB events have
positron energies in the narrow range 36–39 MeV. The KII data, on the
other hand, prefer α = 0, i.e. a dominant flux of low-energy ν̄e. The pile-up
of events just above the KII threshold [7.5 MeV] hides the low-energy tail of
the quasi-thermal spectrum, which is thus sensitive only to the (decreasing)
high-energy tail of the spectrum. This feature is reproduced in the likelihood
analysis by pushing E0 toward low values and by broadening the width as
much as possible. Moreover, the low value of E0 is compensated by a large
increase of the total emitted energy Etot. We have checked that even when
we allow for negative values of α, the maximum likelihood is reached for the
lowest allowed value, α = −1 [below which the neutrino flux diverges].

Contrary to our expectation, this behavior remains the same for a joint
analysis of the two data sets, even though the total flux is smaller and the
average ν̄e energy is larger.

In Fig. 10.3 we show the difference ∆ lnL relative to the best-fit value as
a function of α, for separate and joint analysis of the two data sets. In all
cases we have marginalized over the parameters E0 and Etot. The 95% C.L.
allowed range for a single degree of freedom corresponds to ∆ lnL = 1.92
shown as a horizontal dot-dashed line in Fig. 10.3. Evidently IMB alone has
no strong preference for any spectral shape. The 95% upper limit on α for the
combined data is lower than for KII alone because the combined data prefer
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Figure 10.3: Curves of ∆ lnL relative to the best-fit value as a function of α for KII
(dotted line), IMB (dashed line) and for the joint data set (continuous line). The 95%
C.L. for α is indicated with the dot-dashed horizontal line. We have marginalized over E0

and Etot.

a larger E0 and lower total flux. Globally, the data do not distinguish in a
useful way between different plausible spectral shapes. In particular, they
seem to disfavour a quasi-thermal spectrum and to prefer a monotonically
falling one, in contrast with plausible expectations.

10.2.4 Fixed Prior Values for α

We have seen that unexpectedly low values of α are prefered by the data. Let
us now fix the spectral shape in advance and analyze the data for different
choices of α. In Fig. 10.4 we show the 95% C.L. contours in the (E0,Etot)
plane for α = 0, 2 and 4 where the case α = 2 is identical with the 95% C.L.
shown in Fig. 10.2. Larger values of α (pinched spectra) increase the range of
average energies and bring them closer to theoretical expectations, but at the
same time decrease the overlap between the IMB and KII allowed regions.
In Table 10.3 we show the best-fit parameters E0 and Etot for the three α
cases and different data sets, as well as the implied signal characteristics.

In conclusion, assuming that the time-integrated neutrino flux from a SN
is a quasi-thermal spectrum roughly of the form Eq. (10.2), the implied av-
erage ν̄e energies and total emitted energy depend sensitively on the chosen
prior range for α. The data themselves prefer the smallest possible α-values,
i.e. not a quasi-thermal spectrum but rather a monotonically falling one. The
assumption of a realistic quasi-thermal spectrum is not simultaneously con-
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Figure 10.4: Contours of 95 % C.L. in the plane of E0 and Etot for α = 0 (top panel),
α = 2 (middle) and α = 4 (bottom). The dotted lines are for KII and IMB separately
whereas the solid line is for the joint data set.
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Table 10.3: Best-fit values for Etot in 1052 erg and E0 in MeV for the indicated
fixed choices of α. The implied characteristics of the expected detector signals
are also shown.

Best-fit KII IMB
Data Set Etot E0 Nevents 〈Ee+〉 Nevents 〈Ee+〉

α = 0 KII 17.4 3.7 10.9 15.3 1.3 27.5
IMB 23.7 5.0 28.7 18.3 8.0 30.8
Joint 10.1 5.4 14.1 19.2 4.9 32.0

α = 2 KII 8.9 7.9 11.0 15.3 1.1 26.7
IMB 8.2 11.6 20.6 20.1 8.0 30.9
Joint 5.9 11.2 14.0 19.5 4.9 30.3

α = 4 KII 6.6 10.2 11.0 15.4 1.0 25.3
IMB 4.7 15.9 16.3 21.8 8.0 31.0
Joint 4.7 14.2 14.1 19.8 4.8 29.5

sistent with typical theoretical expectations for 〈Eν̄e
〉 as well as the separate

data sets from IMB and KII.
The preference of the data for an “unphysical” spectral shape implies that

one can extract meaningful values for 〈Eν̄e
〉 and Etot only if one fixes a prior

value for α. The tension between the KII and IMB data sets and theoretical
expectations for 〈Eν̄e

〉 is not resolved by an anti-pinched spectrum.
It appears that the question of the true neutrino spectrum from a typical

SN can be empirically resolved only by the high-statistics signal from a future
galactic SN or by the patient accumulation of data on a neutrino-by-neutrino
event basis from SN in nearby galaxies [167].



Chapter 11

Conclusions

After many years of atmospheric, solar, accelerator and reactor neutrino ob-
servations, we have a good understanding of how neutrinos oscillate. In
this context, the year 2002 represents the “annus mirabilis” [237] of neu-
trino physics, crowned by the Nobel prize awarded to Raymond Davis, Jr.,
and Masatoshi Koshiba, for their pioneering contributions to the detection
of cosmic neutrinos [238]. Neutrino physics enters a new phase now, where
detection of neutrinos from new sources—in particular, cosmic neutrinos—
is in the agenda. Observing supernova (SN) neutrinos, both galactic and
relic, will be one of the next frontier of neutrino astrophysics. It will pro-
vide invaluable information on the astrophysics of the core-collapse explosion
phenomenon and on the neutrino mixing parameters. In particular, neutrino
flavor transitions in the SN envelope are sensitive to the value of θ13 and
on the type of mass hierarchy, and the detection of SN neutrino spectra at
Earth can significatively contribute to sharpen our understanding of these
unknown neutrino parameters.

This dissertation presents the result of the author’s research about flavor
transitions of supernova neutrinos. Let us recap and summarize the main
original results of this work.

Chapter 3 presents our analytical approach to calculate the survival prob-
ability of electron (anti)neutrinos, Pee relevant to characterize SN neutrino
flavor transitions. The prescription stems from the most recent achieve-
ments in the characterization of the neutrino transitions in matter. We
found that for the values of masses and mixing angles given by the neutrino
phenomenology, all matter effects are embedded in the crossing probability
PH = PH(∆m2, θ13) in the 1-3 subsystem.

In Chapter 4 we have generalized the analytical treatment in the case
of nonstandard matter neutrino interactions (e.g., flavor changing neutral
current) which emerge in some extensions of the Standard Model. We have
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pointed up the most relevant phenomenological consequences of these in-
teractions: a possible bias in the value of the mixing angle θ13 inferred by
inversion of supernova neutrino data. Such a drawback, however, does not
preclude the discrimination of the neutrino mass spectrum hierarchy through
supernova neutrino oscillations.

In Chapter 5, the analytical treatment for the calculation of the cross-
ing probability PH in SN has been generalized in the case of non-monotonic
time-dependent density profiles induced by the supernova shock-waves prop-
agation. By assuming a simplified description of the shock wave density pro-
file, we have explicitly shown that simple analytical calculations accurately
reproduce the phase-averaged numerical results, also in the nonobvious case
of multiple transitions along the shock profile. The analytical approach has
then been used to study some relevant characteristics of the structure of the
crossing probability PH in time and energy. We have found that from the
structure of PH one could probe in detail the shock-wave physics (including
an additional reverse shock wave, behind the primary forward one).

In Chapter 6 we have studied supernova neutrino observable spectra
in large-mass water-Cherenkov detectors: Super-Kamiokande and the next-
generation Mton class experiments. We have computed neutrino event rates
from inverse beta decay (ν̄ep → e+n), elastic scattering on electrons, and
scattering on oxygen. We have also calculated the total number of events as
a function of the distance of the exploding star for each detection channel
during: a) the last pre-supernova (silicon burning) phase; b) the neutron-
ization burst; and c) the core collapse phase. We have shown that the low
energy (E . 5 MeV) thermal neutrinos emitted during the Si burning phase
a couple of days before the explosion can be identified at 2σ level over typi-
cal backgrounds if the supernova is not too far (d . 1 kpc) and the detector
is loaded with gadolinium. The neutronization burst νe’s can be identified
with a significance & 3 standard deviations if d . 10 kpc. From core collapse
supernovae located near to the galactic center we expect up to O(105) events
from inverse beta decay events, and O(104) events coming from elastic scat-
tering and and oxygen absorption events. At the larger distance of, e.g., the
Andromeda galaxy (M31), we expect O(10) events, thus opening a possible
window for near extragalactic supernova surveys.

In Chapter 7 we have analyzed the discovery potential of a 0.4 Mton
water-Cherenkov detector in providing information on several time dependent
and independent observables related to galactic core-collapse supernovae.
We have studied the time and energy spectra of events in the range t ∈
[2, 14] s, in order to extract information on the neutrino crossing probability
induced by the shock wave propagation in the stellar envelope during the
cooling phase. In particular, we have considered the high statistic sample
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of inverse beta decay events, and have introduced the concept of “critical
energy” (Ec ' 20 MeV for our reference model), where oscillation effect
cancel to a large extent. In this way, the time dependence of the rate of the
events in a bin around the critical energy is mainly affected by the overall
decrease of the neutrino luminosity, and is almost independent from the time
dependence of the probability. We have shown that the ratio between the
number of events in a bin close to the critical energy (Ec = 20 ± 5 MeV)
and those in a bin centered at a significantly higher energy (e.g., EH =
45 ± 5 MeV) can faithfully track the neutrino crossing probability (if the
mass hierarchy is inverted), thus providing a “real-time” movie of shock wave
effects into the stellar envelope. In particular, the cases of forward shock only
and of forward+reverse shock leave significantly different signatures in the
time domain, and can thus be discriminated.

We have also considered the time dependence of the neutrino event rates
from oxygen absorption and from elastic scattering. The latter are almost
independent from shock and flavor transition effects, and can thus be used
to monitor the overall decay of neutrino luminosity. The former (oxygen)
event rate is instead sensitive to the shock wave also in the case of normal
hierarchy (due to the νe contribution). If a “steepening-flattening” behavior
is observed in the oxygen event time spectrum, it could be interpreted as
an imprint of the shock wave passage, in both cases of normal and inverted
hierarchy.

Also the Earth matter effects has been investigated, as well as its interplay
with the shock-wave propagation. We have shown how this effects could give
an additional handle to discriminate the mass hierarchy and to constrain θ13.

Therefore, Mton-class detectors offer unprecedented opportunities to study
supernova and neutrino properties through high-statistics studies of energy
and time spectra of supernova neutrino events from different interaction chan-
nels. In this context, large planned liquid argon detectors [178, 239, 240, 241,
242] and current and planned scintillators [169, 243, 244, 245] (not considered
in this dissertation) can also provide important information on supernova
neutrinos.

This exiciting scenario associated to the next galactic SN explosion, must
fight against the low galactic SN rate. The estimates on the SN rate in our
galaxy and the Magellanic Cloud range from one to several per century, but
even with a high assumed rate, we might have to wait a long time for the
next galactic SN. In this sense, the diffuse supernova relic neutrinos (SRN)
background, associated to all the occurred core-collapse SN in the Universe,
might be the only possibility to observe SN neutrinos in the forseeable future,
and to probe the spectral characteristics of these neutrinos. In Chapter 8
we have characterized the detectable signal associated to SRN, taking into
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account the flavor transitions. We have discussed the detectability of the
SRN in a 0.4 Mton water-Cherenkov detector. We have shown that with the
addition of gadolinium, the energy range [10, 30] MeV can be fully exploited
to detect the supernova relic neutrino flux at the level of several standard
deviations in a few years. However, even without gadolinium, the SRN back-
ground could emerge at ∼ 2–3σ level after an exposure of ∼ 4 years, if the
atmospheric background is under control.

The detection of SRN flux could also allow to probe nonstandard neutrino
properties. In Chapter 9 we have shown how neutrino decays with cosmo-
logically relevant neutrino lifetimes [τi/mi . O(1011) s/eV] can, in principle,
be probed through observations of supernova relic ν̄e. We have shown how
to incorporate the effects of both flavor transitions and decays in the cal-
culation of the SRN density, by finding the general solution of the neutrino
kinetic equations for generic two-body decays. We have then applied such
solution to three representative decay scenarios which lead to an observable
SRN density larger, comparable, or smaller than for no decay. In the pres-
ence of decay, the expected range of the SRN rate is significantly enlarged
(from zero up to the current upper bound). Future SRN observations can
thus be expected to constrain at least some extreme decay scenarios and, in
general, to test the likelihood of specific decay models, as compared with the
no-decay case.

Finally, in Chapter 10 we have presented our own analysis of SN 1987A
neutrino data detected by Kamiokande II and IMB. We have analysed the
SN 1987A data, assuming a quasi-thermal spectrum, flexible enough to ac-
commodate a continuum of spectral shapes from narrow (pinched) to broad-
ened (anti-pinched) spectra relative to a Maxwell-Boltzmann distribution.
Perhaps unsurprisingly in view of the tension between the KII and IMB
data, we find that the broadest possible distribution allowed by the chosen
prior range is preferred. In this way the tension between the data sets is
somewhat reduced, but at the same time the average ν̄e energies are pulled
to lower values, thus exacerbating the tension with the output of representa-
tive numerical simulations. The data themselves prefer not a quasi-thermal
spectrum but rather a monotonically falling one. The assumption of a re-
alistic quasi-thermal spectrum is not simultaneously consistent with typical
theoretical expectations for 〈Eν̄e

〉 as well as the separate data sets from IMB
and KII. It appears, once more, that the question of the true neutrino spec-
trum from a typical SN can be empirically resolved only by the high-statistics
signal from a future galactic SN.

In conclusion, the detection of supernova neutrinos will be one of the cru-
cial fields in the astroparticle physics, since the physics potential associated
with such a spectacular event is enormous. In particular, missing pieces of
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the neutrino mass spectrum and mixing matrix could be probed. Moreover,
models of core-collapse, shock-wave propagation and SN spectra formation
could be “calibrated”. Finally, nonstandard neutrino properties could also
be tested. While, patiently waiting for the next galactic supernova explo-
sion, we should not forget that SRN is a garanteed signal (modulo neutrino
decay effects!) and will remain an interesting tool. All these exciting per-
spectives show that a SN neutrino physics program, expecially if joined with
the unprecedent potential of next-generation Cherenkov detectors, is a “no-
loose” project and, probably, an “high-winner” one. Directions for further
studies may include improved numerical simulations of supernova explosion
and shock-wave behavior, a better understanding of the unoscillated neutrino
spectra in time and energy (and of their associated uncertainties), appropri-
ate detector simulations, and an accurate characterization of the backgrounds
in supernova relic neutrino searches.

We would to conclude this dissertion with a quotation from a paper by
Krauss, Glashow and Schramm [174]: “Antineutrino Astronomy And Geo-

physics,” [Nature 310, 191 (1984)] where the authors discussed the crucial
role of geo-neutrinos and supernova neutrinos in widening our physical knowl-
edge of the nature: “Weak interaction astronomy and geophysics may not
become practical immediately. It is certain, however, that neutrino and an-
tineutrino astronomy and geophysics can open new windows for exploration
above us and below.” After twenty years from these pioneering intuitions, the
detection of neutrinos from “above” and “below” appear feasible. In partic-
ular, the KamLAND Collaboration has recently detected the geo-neutrinos
originating from inside the Earth [246], and many experimental and theo-
retical efforts suggest that the supernova relic neutrinos are on the verge of
detection. On these basis, we are rather confident that, in the near future,
many new exciting “anni mirabiles” will occurr in neutrino physics.



Appendix A

Empirical parametrization for

the shock-waves density profile

In this Appendix we present the analytical parametrizations of the shock-
wave density profiles used in Chapter 5 and 7 to calculate the crossing prob-
abilities. For post-bounce times t . 1 s, shock effects [55, 90] take place
typically at V > kH (see also Fig. 2.6) and do not significantly affect the
level crossings in the H ≡ (∆m2, θ13) subsystem. The density profile can
thus be effectively approximated by its static limit ρ0 as taken from [55]:

t . 1 s → ρ0(x)

g/cm3 ' 1014
( x

km

)−2.4

. (A.1)

For post-bounce times t & 1 s, the condition V ∼ kH can be fulfilled,
and the shock profile can thus modulate the crossing probability PH . We
characterize the profile in terms of the shock front position xfwd and of its
shape variation f(x) (with respect to ρ0) for x ≤ xfwd. In the case of forward
shock only, one can write

t & 1 s → ρ(x) = ρ0(x) ·
{

ξ · f(x) , x ≤ xfwd ,
1 , x > xfwd ,

(A.2)

where ξ ' 10 is the matter density enhancement at x = xfwd.
In Eq. (A.2), the function f(x) parametrizes the rarefaction zone (“hot

bubble”) above the shock front, characterized by a drop of density over more
than one decade in x, and by an asymptotic density increase for x � xfwd.
The following (empirical) parametrization for f(x) reproduces the main fea-
tures of the graphical profiles in Fig. 2.6(upper panel):

ln f(x) = [0.28 − 0.69 ln(xfwd/km)] · [arcsin(1 − x/xfwd)]
1.1 , (A.3)
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In the above equations we assume (following [55]) a slightly accelerating
shock-front position xfwd,

xfwd(t) = x0
fwd + vfwd t+

1

2
afwd t

2 , (A.4)

with parameters approximately given by

x0
fwd ' −4.6 × 103 km , (A.5)

vfwd ' 11.3 × 103 km/s , (A.6)

afwd ' 0.2 × 103 km/s2 . (A.7)

Notice that: (i) The time dependence of ρ(x) in Eq. (A.2) is implicit, through
the function xfwd = xfwd(t); and (ii) at small radii, it is

x � xfwd ⇒ ρ(x) ' ρ0(x) × 16 (xfwd/km)−1.13 . (A.8)

In the case of both forward and reverse shock propagation, the matter density
presents an additional discontinuity [see Fig. 2.6 (lower panel)] at xrev < xfwd,
so that one can write

t & 1 s → ρ(x) = ρ0(x) ·







ξr · g(x) , x ≤ xrev ,
ξ · g(x) , xrev < x ≤ xfwd ,
1 , x > xfwd ,

(A.9)

where ξr ' 3.5 is the matter density enhanchement at x = xrev. The para-
metrization for g(x) is chosen in such a way that the reverse shock front is
always “contained” in the forward one. We choose

ln g(x) = [0.22 − 0.55 ln(xfwd/km)] · [arcsin(1 − x/xfwd)]
1.1 , (A.10)

Note that it this case the enhanchement of the density at the reverse shock
front is less pronounced with respect to the one induced by the forward
shock. For the reverse shock we assume a slower propagation, in terms of
the following parameters

x0
rev ' 4.0 × 103 km , (A.11)

vrev ' 8.0 × 101 km/s , (A.12)

arev ' 0.0 , (A.13)

(A.14)

which approximately reproduce the numerical results in [91].



Appendix B

The probability for level

crossing

The literature about the crossing probability Pc and its possible analytical
recipes is enormous (see, e.g., [247, 248, 249, 250]). However, most of the
expressions found are not “universal”. In general, it is possible to study
analitically the two extreme situations of moderate non-adiabaticity (Γ . 1)
and of a strongly non-adiabatic evolution (Γ � 1).

In the case of a moderate adiabaticity one expects some “tunneling” be-
tween the levels associated to νm

1 and νm
2 , with exponentially small probabil-

ity in the level separation. In this case, the starting point of any analytical
approximation to the crossing probability Pc was worked out indipendently
by Landau [251] and Zener [252] in the context of atomic collisions. It is
valid in the limit of small mixing angles and for a linear density change. For
a medium with an arbitrary density profile, Landau generalized the previous
results through a contour integral [253]. In the case of an exponential density
profile, approximatively like in the Sun,

V (x) ∝ e−x/r0 (B.1)

where r0 = Rsun/10.54, one explicitly obtains (see [94] and the references
therein)

Pc ' exp(−2πrk sin2 θ) (B.2)

where

r = −
[

1

V (x)

dV (x)

dx

]−1

≡ r0 , (B.3)

is the so called scale parameter. For a generic density profile, the crossing
probability can be still expressed in the form of Eq. (B.2), by reinterpreting
r as a “running” variable [102]. The most general prescription is to evaluate
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r in the point where the adiabaticity is maximally violated (xmva), defined
by Eq. (3.28),

r ≡ r(xmva) . (B.4)

The validity of this prescription is based on the fact that Pc 6= 0 in a relatively
shorth part of the ν trajectory, where the propagation is locally nonadiabatic.
If the propagation is adiabatic along the whole trajectory, r → ∞ and so
Pc = 0, as expected. In general, in the exponential of Eq. (B.2), there could
be an additional “corrective function” F (θ) to take into account the deviation
of the matter density profile from an exponential one (See Table I in [94]).

In the extreme non-adiabatic limit, there are corrections to Eq. (B.2).
In this case, which corresponds to a sudden change of density (e.g., in the
presence of the shock front in the SN density profile), the derivative dνm/dx
are discontinuous, and to evaluate the crossing probability one has to consider
the conservation of the flavor across the boundary. The amplitude for going
from one mass eigenstate to another is [94]

A(νm
1 → νm

2 ) = νm
2

T UT (θf
m) I U(θi

m) νm
1 = (B.5)

(

0 1
)

(

cos θf
m − sin θf

m

sin θf
m cos θf

m

) (

1 0
0 1

)

×
(

cos θi
m sin θi

m

− sin θi
m cos θi

m

) (

1
0

)

,

where (from the right to the left): (i) U(θi
m) rotates from the initial νm

1 state
into the flavor basis by a mixing angle in the matter θi

m before the sudden
density change, (ii) the identity matrix I guarantees the flavor conservation
across the discontinuity, and (iii) finally the matrix U(θf

m)T rotates back to
effective mass basis by an angle θf

m after the discontinuity. From Eq. (B.6)
one obtains the correponding crossing probability

Pc = |A|2 = sin2(θf
m − θi

m) . (B.6)

In the case that θi
m → π/2 (Vi → ∞) and θf

m → θ (V f → 0), one obtains

Pc = cos2 θ . (B.7)

From Eq. (B.2), we argue that the the Landau-Zener (LZ) prescription
does not reproduce the correct extremely non adiabatic limit, since in this
situation r → 0, so that Pc ' 1, in contrast with Eq. (B.7), unless θ is small.

A very useful parametrization for Pc (originally derived in the context of
solar neutrinos [99, 103]), which reproduces correctly the two limiting cases
[Eq. (B.2) and (B.7)] is the well-known double-exponential formula:

Pc(ν) =
exp(2πrk cos2 θ) − 1

exp(2πrk) − 1
, (B.8)
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valid for generic values of the neutrino mixing angles. This expression has
been suggested as an ansatz for arbitrary density distribution [94], with the
MVA prescription [Eq. (B.4)], and modulo a possible correction with F (θ)
in the exponential terms to take into account of different density profiles.
It represents the more general and accurate approximation for the neutrino
crossing probability in the SN context.



Appendix C

Factorization of SN neutrino

dynamics

In this Appendix we show how for hierarchical squared mass differences
(δm2 � ∆m2) the 3ν dynamics of SN flavor transitions can be factorized
into two 2ν subsystems, according to parameter space factorization

S3ν ' L2ν ⊗H2ν = (δm2, θ12, V ) ⊗ (∆m2, θ13, V ) . (C.1)

L Subsystem

In order to study the transitions in the low subsystem when V ∼ kL, it is
useful to introduce a new basis





ν ′e
ν ′µ
ν ′τ



 = OT
13O

T
23





νe

νµ

ντ



 = O12





ν1

ν2

ν3



 . (C.2)

In this new basis the Hamiltonian is

H ′ ≡ OT
13O

T
23H O23O13

=
1

2





−kLc212 + 2V c213 kLs212 V s213

kLs212 kLc212 0
V s213 0 2(kH + V s2

13)



 . (C.3)

where c212 ≡ cos 2θ12, s212 ≡ sin 2θ12; c213 ≡ cos 2θ13, s213 ≡ sin 2θ13.
In the low subystem the Hamiltonian of Eq. (C.3) brings to a decoupled

neutrino and a 2 × 2 submatrix of the form of Eq. (3.23). Infact, in the
equation of motion for ν ′τ ≡ ν3, the small terms proportional to V ∼ kL can
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be neglected, in first approximation, as compared with O(kH), so that

i
dν ′τ
dx

' kHν
′
τ . (C.4)

It implies that ν ′τ decouples and its evoultion is given by

ν ′τ (x) ' e−ikHxν ′τ (x) . (C.5)

In the equations of motion for ν ′e and ν ′µ, the rapidly oscillating term propor-
tional to ν ′τ [Eq. (C.17)] gets averaged to zero. At zeroth order in V/kH and
kL/kH, the effective Hamiltonian for ν ′e–ν

′
µ subsystem is thus

H ′
2ν =

1

2

(

−kLc212 + V c213 kLs212

kLs212 kLc212 − V c213

)

(C.6)

analogous to Eq. (3.23), modulo the replacement V → V cos2 θ13. However,
given the smalless of θ13 we will neglect the cos2 θ13 in front of V .

The Hamiltonian H ′
2ν is diagonalized in the instantaneous matter eigen-

state basis (ν1m, ν2m, ν2m) through the mixing angle in matter θm
12 defined by

the following equations

sin 2θm
12 =

sin 2θ12
√

(cos 2θ12 − V/kL)2 + sin2 2θ12
, (C.7)

cos 2θm
12 =

cos 2θ12 − V/kL
√

(cos 2θ12 − V/kL)2 + sin2 2θ12
, (C.8)

The flavor eigenstates are related to the mass eigenstates in matter by
the mixing matrix

V m = O23O13O
m
12 , (C.9)

where the unitary matrix Om
12 is determined in terms of the mixing angle in

matter θm
12 [Eq. (C.7)–(C.8)]. One obtains





νe

νµ

ντ



 = V m





ν1m

ν2m

ν3m



 = O23O13O
m
12





ν1m

ν2m

ν3m



 . (C.10)

Thus, while θ13 and θ23 mantain their vacuum values, the angle θm
12 rotates

as in two-neutrino matter case.
On the basis the 2ν prescription in Eq. (3.35), the crossing probability in

the low subsystem PL(ν) can be analytically expressed as

PL(ν) =
exp(2πrLkL cos2 θ12) − 1

exp(2πrLkL) − 1
(C.11)
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where

rL = −
[

1

V (x)

dV (x)

dx

]−1

x=xL

, (C.12)

and the points xL is defined by the V = k condition1 [Eq. (3.33)]

V (xL) = kL . (C.13)

H Subsystem

We turn now to the high susystem with V ∼ kH . In this case it is more
convenient to introduce the new basis





νe
′′

νµ
′′

ντ
′′



 = OT
23





νe

νµ

ντ



 = O13O12





ν1

ν2

ν3



 . (C.14)

In this new basis the Hamiltonian is

H ′′ ≡ OT
23HO23

=
1

2





−kLc212c
2
13 + 2kHs

2
13 + 2V kLs212c13 (kH + kLc212/2)s213

kLs212c13 kLc212 −kLs212s13

(kH + kLc212/2)s213 −kLs212s13 −kLc212s
2
13 + 2kHc

2
13



 .

(C.15)

Subtracting a common diagonal term (V + kH)1, the Hamiltonian can be
rewritten as

H ′′ =
1

2





−kLc212c
2
13 − kHc213 + V kLs212c13 (kH + kLc212/2)s213

kLs212c13 kLc212 − V − kH −kLs212s13

(kH + kLc212/2)s213 −kLs212s13 −kLc212s
2
13 + kHc213 − V



 .

(C.16)
We now treat kLs212 as a perturbation. To zeroth order is kL/kH and kL/V ,
again the Hamiltonian takes the form of a decoupled neutrino plus a two-
neutrinos submatrix. In particular, the νµ

′′ decouples and propagates as

νµ
′′(x) ' e−ikHxνµ

′′(0) . (C.17)

Averaging to zero, the rapidly oscillating terms proportional to νµ
′′ the ef-

fective Hamiltonian for νe
′′–ντ

′′ subsystem takes the form

H ′′
2ν =

1

2

(

−kHc213 + V kHs213

kHs213 kHc213 − V

)

. (C.18)

1In principle, Eq. (3.47) implies an effective potential V (x) cos2 θ13 for the L subsystem,
and thus V (xL) cos2 θ13 = kL. However, within the phenomenological bound in Eq. (1.12),
the resulting difference in the calculation of Pee is completely negligible.
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The Hamiltonian H ′′
2ν is diagonalized in the instantaneous matter eigenstate

basis (ν1m, ν2m, ν2m) through the mixing angle in matter θm
13 defined by the

following equations

sin 2θm
13 =

sin 2θ13
√

(cos 2θ13 − V/kH)2 + sin2 2θ13
, (C.19)

cos 2θm
13 =

cos 2θ13 − V/kH
√

(cos 2θ13 − V/kH)2 + sin2 2θ13
. (C.20)

Thus, the matter eigenstates are now related to the flavor states by the matrix

Wm = O23O
m
13 , (C.21)

where the unitary matrix Om
13 is determined in terms of the mixing angle in

matter θm
13. One obtains





νe

νµ

ντ



 = Wm





ν1m

ν2m

ν3m



 = O23O
m
13





ν1m

ν2m

ν3m



 , (C.22)

where the angle θm
13 rotates according to Eqs. (C.19)–(C.20).

The crossing probability in the high subsystem PH(ν) can be analytically
expressed as

PH(ν) =
exp(2πrHkH cos2 θ13) − 1

exp(2πrHkH) − 1
, (C.23)

where

rH = −
[

1

V (x)

dV (x)

dx

]−1

x=xH

, (C.24)

and the point xH is defined by the V = k condition

V (xH) = kH . (C.25)

The approximate expressions obtained for neutrino transitions in L and
H transitions are useful to work out a general solution of the 3×3 equations of
motion. The mixing matrix that relates the matter and the flavor eigenstates
can be obtained combining Eqs. (C.10)–(C.22) to get

Um ≈ O23O
m
13O

m
12 , (C.26)

where θm
12 and θm

13 are the mixing angles in matter given by Eqs. (C.7)–(C.8)
and Eqs. (C.19)–(C.20), respectively.
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For neutrinos with normal mass hierarchy, applying the “propagation of
probabilities” approach [Eq. (3.32)], the factorization of dynamics in Eq. (C.1)
leads to [94]

Pee(ν) =
(

U2
e1 , U2

e2 , U2
e3

)





1 − PL(ν) PL(ν) 0
PL(ν) 1 − PL(ν) 0

0 0 1





×





1 0 0
0 1 − PH(ν) PH(ν)
0 PH(ν) 1 − PH(ν)









U2
e1,m

U2
e2,m

U2
e3,m



 , (C.27)

where the previous matrices act as followes (from right to left): (i) Um rotates
(at x = x0) the initial νe = (1, 0, 0)T state into the matter basis; (ii) the PH

matrix represents a crossing among the matter eigenstates ν3,m → ν2,m in
H subsystem; (iii) the PL matrix represents a further crossing among the
matter eigenstates ν2,m → ν1,m in L subsystem; and (iv) U finally rotates
the mass basis back to the flavor basis in vacuum.



Appendix D

Formulation of SRN decay

kinetic equations

SRN decay: kinetic equations

The kinetic equations for the phase-space distribution function f of decaying
neutrinos have the generic form

L[f ] = C[f ] , (D.1)

where L is the Liouville operator and C is the collision operator, embedding
creation and destruction terms for particle described by f (see, e.g., [254]).

For the Robertson-Walker metric the Liouville operator (in ultrarelativis-
tic approximation |~p| ' E) is

L[f ] = E
∂f

∂t
−H(t)E2 ∂f

∂E
. (D.2)

The collisional integral contains a term Cd[fi] which takes into account

the loss (decay) of νi in the process νi →
(−)

νj +X. Neglecting the rare inverse
reaction and Pauli blocking effects, it is

Cd[fi] = −1

2

∫

d3pj

(2π)32Ej

d3pX

(2π)32EX
(2π)4δ4(pi − pj − pX)|M|2i→j+Xfi(Ei) ,

(D.3)
where |M|2i→j+X is the matrix element squared for the process, related to the
differential decay rate by

dΓ =
1

2Ei
|M|2i→j+X

d3pj

(2π)32Ej

d3pX

(2π)32EX
(2π)4δ4(pi − pj − pX) . (D.4)
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From Eq. (D.3) one obtains

Cd[fi] = −EiΓi(Ei)
mi

Ei

fi(Ei) . (D.5)

where Γi is the decay width (in the rest frame) given by

Γi = τ−1
i =

∑

mj<mi

Γ(νi → νj) + Γ(νi → ν̄j) , (D.6)

and mi/Ei is the Lorentz factor in the laboratory frame.
A possible increase of νi due to the decay of heavier νk → νi + X is

represented by a collisional integral Cq[fi],

Cq[fi] =
1

2

∑

mk>mi

∫

d3pk

(2π)32Ek

d3pX

(2π)32EX
(2π)4δ4(pk−pi−pX)|M|2k→i+Xfk(Ek) .

(D.7)
Replacing the appropriate differential rate for the process in Eq. (D.7), one
obtains

Cq[fi] =
1

Ei

∑

mk>mi

∫ ∞

Ei

dEk
dΓνk→νi

dEi
(Ei, Ek)

mk

Ek
E2

kfk(Ek) . (D.8)

The standard (decay-independent) source of νi from core-collapse SN cor-
responds to a collisional term CSN [fi]

CSN [fi] = EiΓ
SNfi(Ei) , (D.9)

where ΓSN is the supernova formation rate (per unit of time).
For ultrarelativistic SRN νi, described at time t by nνi

(E, t) = 4πE2R3(t)/R3
0(t),

the kinetic equation takes the form 1

[

∂

∂t
−H(t)E

∂

∂E
−H(t)

]

nνi
(E, t) = RSN(t)Yνi

(E) − Γi(E)
mi

Ei
nνi

(E)

+
∑

mk>mi

qki(E, t) , (D.10)

where RSN(t) = ΓSN/Vcomoving, Yνi
(E) is the ν yield and

qki(E, t) =

∫ ∞

E

dE ′nνk
(E ′, t)Γ(νk → νi)

mk

E ′
ψνk→νi

(E ′, E) , (D.11)

with the normalized decay spectrum

ψνk→νi
(E ′, E) =

1

Γ(νk → νi)

dΓνk→νi
(E,E ′)

dE
. (D.12)

1R(t) is the universe scale factor for a Friedmann-Robertson-Walker metric, with
H(t) = Ṙ(t)/R(t) in standard notation [33]. With respect to Ref. [254], we drop a common
factor (4πER3(t)/R3

0)
−1 on both sides of the kinetic equations.
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General solution

In order to solve the set of kinetic equations (D.10), we first rewrite them
in terms of the redshift variable z = z(t) and of the redshifted energy ε =
ε(E, z),

(

t
E

)

→
(

z
ε

)

≡
(

R0/R(t) − 1
E/(1 + z)

)

, (D.13)

with associated partial derivatives





∂
∂t

∂
∂E



 =





∂z
∂t

∂ε
∂t

∂z
∂E

∂ε
∂E









∂
∂z

∂
∂ε



 =





−H(z)
(

(1 + z) ∂
∂z

− ε ∂
∂ε

)

1
1+z

∂
∂ε



 ,

(D.14)
where the relation ż = −(1 + z)H(z) has been used. With this change of
variables, the Liouville operator depends on z only, and the kinetic equations
can be directly integrated.

More precisely, by defining the auxiliary function

ξ(z) =

∫ z

0

dz′H−1(z′)(1 + z′)−2 , (D.15)

and the global source term

Si(ε(1 + z), z) = RSN(z)Yνi
(ε(1 + z)) +

∑

mk>mi

qki(ε(1 + z), z) , (D.16)

the neutrino kinetic equations (D.10) can be cast in a compact form

−H(z) emiΓiξ(z)/ε ∂

∂z

[

(1 + z)nνi
e−miΓiξ(z)/ε

]

= Si(ε(1 + z), z) , (D.17)

which is easily integrated, giving

nνi
=

1

1 + z

∫ ∞

z

dz′

H(z′)
Si(ε(1 + z′), z′) e−miΓi[ξ(z′)−ξ(z)]/ε . (D.18)

By replacing back the variable E = ε(1+z), one obtains the general solution
of the neutrino kinetic equations,

nνi
(E, z) =

1

1 + z

∫ ∞

z

dz′

H(z′)

[

RSN(z′)Yνi

(

E
1 + z′

1 + z

)

+
∑

mk>mi

qki

(

E
1 + z′

1 + z
, z′

)

]

e−miΓi[ξ(z
′)−ξ(z)](1+z)/E (D.19)
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which holds for generic neutrino mass spectra mi, decay widths Γi, and decay
energy spectra ψνk→νi

(E,E ′). The effect of flavor transitions is embedded in
the yields Yνi

(see Table 8.1), in the same way as for the no-decay case
discussed in Sec. 8.2.2.

The double integration (over energy and redshift) implied by Eqs. (D.11)
and (D.19) can be performed numerically by following the decay sequence,
i.e., starting from the heaviest state (qji = 0) and ending at the lightest state
(Γi = 0). The observable local supernova relic νi density is finally obtained
by setting z = 0 in nνi

(E, z). We conclude by noting that the case of no
decay [Eq. (8.4)] is obtained from the general solution [Eq. (9.8)] at z = 0 in
the limit τi → ∞ (i.e., Γi = 0 = qji), as expected.



Appendix E

Likelihood function for

SN 1987A data analysis

Likelihood Function

The derivation of the likelihood function appropriate for the analysis of
the Supernova 1987A neutrino data closely follows the approach developed
in [63]. The primary observations are the reported event energies which we
assume to be related to the true positron energies by a Gaussian distribution.

In order to model the likelihood function we consider detection energy
bins [Ei, Ei + δE] with i = 1, . . . , Nbin. The spectrum of detected energies
is n(E) so that the number of expected counts in bin i is, to lowest order
n(Ei) δE. However, in a real experiment one obtains an integer number Ni

of counts in a given bin i. The probability for such an outcome is

Pi =
[n(Ei) δE]Ni

Ni!
e−n(Ei) δE , (E.1)

where the Ni are the actual observations (data). The likelihood function is

L =

Nbin
∏

i=1

Pi . (E.2)

This expression can be transformed to

L = C e−
�
∞

0
n(E)dE

Nobs
∏

i=1

n(Ei), (E.3)

where Nobs is the total number of experimentally observed events. The con-
stant C is irrelevant for the parameter estimation and for the determination
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of confidence regions. For a joint analysis of the Kamiokande and IMB de-
tectors, the likelihood function is the product of the likelihood functions for
each detector. The connection between the observed data set Ei and the
detected energy spectra n(E) has been widely described in Chapter 6.

Parameter Estimation and Confidence Regions

The maximum-likelihood method is a particularly well-suited tool for prob-
lems like the one we are dealing with, i.e., problems where it is essential to
extract the maximum possible information from a small number of events.
This method has been used by several authors to analyze the SN 1987A
neutrino signal [63, 85, 88, 233]. In particular, we test with the likelihood
function [Eq. (E.3)] the hypothesis that the prescribed neutrino spectrum
[Eq. (10.2)] ϕν(E,Ω) [Ω = (Etot, E0, α)] leads to the observed experimental
data Ei with probability distribution n(E,Ω). The maximisation of L(Ω)
gives an estimate of the values Ω∗ = {Etot, E0, α} which best represent the
data set Ei. The confidence region around Ω∗ which contains the true value
of α with a specified probability β for k studied parameters is given by

∆ lnL = lnL(Ω∗) − lnL(Ω) ≤ 1

2
χβ(k) , (E.4)

if L is Gaussian. The values of χβ(k) for different numbers of parameters k
are given, e.g., in [33].
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